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A b s tra c t
T h is  re p o r t  p re s e n ts  and d iscu sse s  th e  b a s ic  s t a t i s t i c a l  models 
and methods w h ich  a re  u s e fu l to  re s e a rc h e rs  in  th e  f i e l d  o f  w a te r 
re s o u rc e s  re s e a rc h , as w e l l  as in  o th e r  f i e l d s .  These m odels and 
methods a re  p re se n te d  fro m  th e  s ta n d p o in t o f  typ e  (p a ra m e tr ic  and 
n o n p a ra m e tr ic  -  o r  d i s t r ib u t io n  f r e e )  and purpose  ( e . g . ,  s im u l­
taneous com parison  o f  s e v e ra l means, com parison o f  two o r  more 
v a r ia n c e s ,  e s ta b lis h m e n t o f  a d if fe re n c e  between two means w ith  a 
s p e c i f ie d  c o n fid e n c e , e t c . ) .  The m a te r ia l  is  p re se n te d  w ith  em­
p h a s is  p r im a r i ly  upon m e thodo logy , in c lu d in g  th e  nece ssa ry  assump­
t io n s  upon w h ich  each model i s  based. No d e r iv a t io n s  o r  p ro o fs  
a re  g iv e n , s in c e  these  a re  found  in  numerous te x tb o o k s  on s t a t i s ­
t i c s  r e a d i ly  a c c e s s ib le  to  th e  re a d e r. Emphasis i s  a ls o  p la ced  
upon th e  need f o r  th e  re s e a rc h e r to  d e te rm ine  b e fo re  o b ta in in g  
d a ta  the  ty p e  o f  s t a t i s t i c a l  model and a n a ly s is  re q u ire d ,  so th a t  
he can use th a t  model o r  method w h ich  i s  most p o w e rfu l,  and so 
th a t  he w i l l  have th e  p ro p e r d a ta  to  p e rm it th e  most e f f i c i e n t  
a n a ly s is .  F a i lu re  to  c a r ry  o u t such p re l im in a ry  p la n n in g  re le v a n t  
to  th e  s e le c t io n  and a p p l ic a t io n  o f  a s t a t i s t i c a l  model w i l l  a lm ost 
a lw ays r e s u l t  in  e i t h e r  a la c k  o f  s u f f i c i e n t  re le v a n t  d a ta  o r in  
th e  g a th e r in g  o f  e x tran e ou s  d a ta , e i t h e r  o f  w h ich  is  u n n e c e s s a r ily  
c o s t ly .  Each method i s  i l l u s t r a t e d  by an exam ple, to g e th e r  w ith  
an in t e r p r e t a t io n  o f  th e  r e s u l t .
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RESEARCH FOR THE DEVELOPMENT OF GUIDELINES
FOR CONDUCTING AND ANALYZING AN ENVIRONMENTAL 
WATER QUALITY STUDY TO DETERMINE STATISTICALLY 
MEANINGFUL RESULTS
I. IDENTIFYING THE STATISTICAL PROBLEM AND SELECTING THE 
APPROPRIATE MODEL
Almost all water research projects require the collection 
and analysis of data. The type and amount of data required 
depend upon the objectives of the research, the method of 
analysis, the desired conclusions, and the confidence with which 
one wishes to assert that said conclusions are correct.
The mere collection, classification, and inspection of 
data in itself is at best suggestive, and may lead to erroneous 
conclusions unless subjected to a valid statistical analysis. An 
important capability which should be present in any water 
research project involving data collection and analysis is the 
ability to extract as much as possible—ideally, all—of the 
information which is inherent in the data, thereby promoting 
efficiency and cost reduction. The researcher needs a certain 
amount of information—no more and no less—to reach a specific 
conclusion with a stated confidence. That is, when he states a 
conclusion, he must—to be convincing—be able to state what odds 
he is willing to give that this conclusion is correct. If he 
wishes to wager with nine-to-one odds (90 percent confidence) 
that his conclusion is correct, he needs a certain amount of 
information—more data than if he is content to wager with eight 
to-two odds (80 percent confidence). Also, the amount of data
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("sample size") depends upon both the type of conclusion and the 
confidence to be attached to the conclusion. For example, i f  one 
wishes to establish, with 95 percent confidence, that the average 
concentration (density) of algae differs at two depth strata in a 
particular river during a given time period, the amount of data 
needed differs from the amount required to show that the variation 
in concentration differs in the two strata.
When, as is frequently the case, there is a choice among 
several statistical procedures ("statistical models") for data 
analysis in a particular water research project, i t  is important 
to choose the one which w ill provide the most powerful results.
The choice depends upon whether the data satisfy the necessary 
assumptions underlying the model. An intelligent choice requires 
both a knowledge of available statistical models and their 
associated assumptions. Selection of the most appropriate 
statistical model w ill result in improved efficiency in the 
required analysis and a corresponding reduction in cost.
In short, there are many factors which must be taken into 
consideration i f  a water research project involving data analysis 
is to yield maximum results per dollar expended. Moreover, i t  is 
imperative to take these factors into consideration during the 
planning stage of the research study before data collection 
begins, i f  conclusions are to be established at a desired 
confidence level. Necessarily included in the planning stage are:
(1) a statement of specific objectives of the research 
project
(2) identification of the relevant variables 
selection of the appropriate statistical model(3)
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(4) specification of the confidence to be attached 
to each conclusion
(5) determination of the amount of data (sample size) 
required to achieve this confidence.
Too often the data are collected with little or no thought given 
to these factors. The result is that frequently a considerable 
amount of the data gathered is not statistically useful, while 
at the same time some of the data required to obtain statistically 
meaningful results are not obtained. Most scientists engaged in 
water research need guidelines for obtaining and analyzing data 
so that the conclusions reached are statistically meaningful and 
defensible. Without such guidelines, a research study may reduce 
to nothing more than a large-scale data collection project 
leading to general comparisons and statistically indefensible— 
and often erroneous—conclusions.
The main function of such guidelines is that of guiding the 
researcher in the proper planning of the research project prior 
to obtaining the necessary data and the subsequent methods of 
analysis after the data have been obtained. The various 
statistical models (tests, procedure, etc.) which are available, 
as well as their purpose, must be known to the researcher so that 
he can choose that statistical model which will best serve his 
objectives. He should know (before any data are actually 
collected) what data and how much data (sample size) are needed 
in order that a conclusion can be reached at a specified 
confidence level when the appropriate model is used. When there 
is a choice among several possible models, the most appropriate
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one s h o u ld  be c h o s e n . The s e le c t io n  o f  th e  m o d e l in v o lv e s  
t r a d e - o f f s  b e tw e e n  th e  use o f  a " p a r a m e t r ic "  s t a t i s t i c a l  
m o d e l b ased  on r a t h e r  s t r o n g  a s s u m p tio n s  and th e  use o f  th e  
w ea ke r " n o n p a ra m e tr ic "  s t a t i s t i c a l  m o d e ls  w h ic h  make 
v i r t u a l l y  no a s s u m p t io n s . The n a tu r e ,  u s e , a d v a n ta g e s , and 
d is a d v a n ta g e s  o f  v a r io u s  ty p e s  o f  s a m p lin g  ( e . g . ,  s im p le  
random , s t r a t i f i e d ,  s y s te m a t ic )  s h o u ld  be u n d e rs to o d .
A c c o r d in g ly ,  t h i s  p r o je c t  i s  one o f  in f o r m a t io n  d is s e m i­
n a t io n ,  r a t h e r  th a n  re s e a rc h  p e r  s e . I t  p r e s e n ts  th e  v a r io u s  
s t a t i s t i c a l  m o d e ls  w h ic h  a re  f r e q u e n t ly  r e q u i r e d  i n  r e s e a r c h ,  
and e x p la in s  t h e i r  use i n  th e  a n a ly s is  o f  d a ta .  S p e c i f i c a l l y ,  
th e  v a r io u s  ty p e s  o f  m o d e ls  and t h e i r  v a r ia t io n s  a re  p re s e n te d  
and d is c u s s e d .
F i r s t ,  th e  w e ll- k n o w n  t - t e s t  f o r  c o m p a rin g  tw o  means i s  
p re s e n te d  and d is c u s s e d .  T h e re  a re  tw o  fo rm s  o f  t h i s  t e s t :  
th e  p a r a m e t r ic  and n o n p a ra m e tr ic  fo rm s . The f i r s t  r e q u i r e s  
r a t h e r  s t r o n g  a s s u m p tio n s  (w h ic h  n e v e r th e le s s  a re  q u i t e  
o f t e n  m e t ) ; th e  se c o n d , a v e r y  weak a s s u m p t io n , w h ic h  in  
r e a l i t y  i s  p r a c t i c a l l y  a lw a y s  s a t i s f i e d .  T h e re  a r e ,  o f  c o u rs e ,  
t r a d e - o f f s  in v o lv e d ,  w h ic h  a re  a ls o  m e n tio n e d . S i m i l a r l y ,  one 
m us t o f t e n  com pare tw o  sam p le  v a r ia n c e s  o r  tw o  sam p le  p r o p o r ­
t io n s  to  d e te rm in e  w h e th e r  th e y  a re  s i g n i f i c a n t l y  d i f f e r e n t .  
A p p r o p r ia te  m e thods f o r  im p le m e n t in g  t h i s  c o m p a r is o n — e i t h e r  
fro m  th e  s ta n d p o in t  o f  c o n f id e n c e  i n t e r v a l s  o r  h y p o th e s is  
t e s t i n g — a re  p re s e n te d .
The e x te n s io n  o f  t h i s  m ode l t o  one w h ic h  p e r m its  th e  
s im u lta n e o u s  c o m p a ris o n  o f  a s e t  o f  means (more th a n  tw o ) i s
a ls o  p re s e n te d  and d is c u s s e d ;  n a m e ly , th e  A n a ly s is  o f  V a r ia n c e
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Model which may have many forms (randomized block, Latin square, 
factorial designs, etc.). Each is adapted to particular 
situations as explained. Parametric and nonparametric versions 
of these models are discussed.
Modification of some of these models, when some data are 
lost, invalidated, or otherwise unavailable, is also included.
This situation sometimes arises in the analysis of real world 
problems. For instance, in a project involving algae at various 
water depths, the data obtained at a given time or location may 
be invalidated by malfunctioning of the equipment at that time or 
location.
Somewhat less traumatic—but nonetheless important—conse­
quences ensue when complete data are obtained but under differing 
conditions. For example, the experiment may involve several 
different laboratories; or several different locations; or several 
different brands of equipment; etc. This introduces an element 
of confounding, which can bias the results unless the usual 
designs are properly modified. A method for accomplishing this 
modification is discussed under the term "confounding." Related 
to the problem of confounding is that of "fractional replication" 
which enables one to reduce the size (and, hence, the cost) of 
the experiment. This is particularly pertinent in the case of 
complex experiments involving many combinations of factors.
I t  is not uncommon, for example, to have ten factors at two 
levels entering into a research experiment, giving rise to a 
total of 210 = 1024 possible cases to be examined. There are 
ways of reducing the size of such an experiment without hindering 
the analyst in reaching the correct decision. Specifically, in
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th e  case o f  a 210 = 1024 f a c t o r i a l  e x p e r im e n t, i t  i s  n o t 
u n u su a l to  reduce  th e  s iz e  o f  th e  e x p e r im e n t to  26 = 64 cases 
o r  even le s s ,  by p r o p e r ly  s e le c t in g  th e  64 ca se s . The 
p ro c e d u re  f o r  m aking th e  p ro p e r  c h o ic e  o f  64 o u t o f  1024 
cases i s  d is c u s s e d  u n d e r th e  h e a d in g  " f r a c t i o n a l  f a c t o r i a l  
d e s ig n s . "
In problems of estimation and prediction, the method of 
regression and correlation analysis is often useful, which 
method is discussed in this document.
The p ro b le m  o f  b r a c k e t in g  th e  c e n t r a l  95 p e rc e n t 
(o r  more g e n e r a l ly ,  th e  100(1 -a )  I) p o r t io n  o f  a p o p u la t io n  
i s  a t  t im e s  an im p o r ta n t  one. M ethods f o r  o b ta in in g  such l im i t s  
( f r e q u e n t ly  r e fe r r e d  to  as " to le ra n c e  l i m i t s " )  a re  d is c u s s e d .
F in a l l y ,  i t  i s  p o s s ib le  t h a t  a p a r t i c u la r  p rob le m  may be 
more e f f i c i e n t l y  s o lv e d  by th e  use o f  s t r a t i f i e d  o r  s y s te m a tic  
sa m p lin g  te c h n iq u e s  r a th e r  th a n  by random s a m p lin g . Some 
comments a re  made r e la t i v e  to  th e  e f f e c t  o f  such a change in  
sam p lin g  m ethods. However, f o r  th e  m ost p a r t ,  random sa m p lin g  
te c h n iq u e s  a re  a p p ro p r ia te .  T h is  i s  p a r t i c u l a r l y  f o r t u i t o u s ,  
s in c e  much o f  th e  th e o ry  o f  s t a t i s t i c a l  in fe re n c e  a p p ro p r ia te  
when random sa m p lin g  o b ta in s  i s  n o t d i r e c t l y  a p p l ic a b le  to  
s i t u a t io n s  in  w h ich  s t r a t i f i e d ,  s y s te m a t ic ,  o r  o th e r  ty p e s  o f  
sam p lin g  methods a re  used. The m ethods o f  a n a ly s is  f o r  th e se  
s i t u a t io n s  a re  c o n s id e ra b ly  more c o m p lic a te d  and a re  beyond 
th e  scope o f  t h is  docum ent.
I I .  ESTIMATING A POPULATION MEAN: POINT AND INTERVAL ESTIMATES
One o f  th e  most common prob lem s c o n fro n t in g  re s e a rc h e rs , en­
g in e e rs ,  and businessm en is  th a t  o f e s t im a tin g  th e  t ru e  v a lu e  o f  a 
" p o p u la t io n "  mean. Thus, in  w a te r  re s e a rc h , th e  re s e a rc h e r may 
have to  d ec ide  what i s  th e  v a lu e  o f  th e  c o n c e n tra t io n  o f  a lgae  a t 
a p a r t i c u la r  w a te r  dep th  in  a s tream  o r  la k e .  Or an e n g in e e r may 
have to  d e te rm in e  th e  le n g th  o f  t im e  w h ich  th e  gu idance  u n i t  o f  a 
space system  w i l l  p e r fo rm  b e fo re  f a i l u r e .  A g a in , a canner must 
d e te rm in e  w h e th e r th e  c o r re c t  amount o f  f r u i t  ju ic e  is  b e in g  packed 
in  h is  20 ounce cans. S ince  th e  la b e l  reads "20 o u n ce s ", th e  canner 
cannot a f fo r d  to  pack much le s s  tha n  20 ounces f o r  fe a r  o f  lo s in g  
custom er accep tance  o r  ru n n in g  a fo u l o f  th e  la w , w h ile  a t  th e  same 
tim e  he cannot a f fo r d  to  pack much more than  20 ounces f o r  fe a r  o f  
lo s in g  a s u b s ta n t ia l  p a r t  o f  h is  p r o f i t .  In  a l l  such p rob lem s, 
one cannot e xpe c t a s p e c i f ic  v a lu e  to  o b ta in  in  each o f  th e  above 
s i t u a t io n s .  Thus, th e  c o n c e n tra t io n  o f  a lgae  w i l l  n o t be th e  same 
in  samples taken  a t  a s p e c i f ie d  dep th  from  th e  same g e n e ra l a rea 
because o f  d if fe re n c e s  due to  random fa c to rs  beyond human c o n t r o l ,  
such as e n v iro n m e n ta l fa c to r s .  S im i la r ly ,  because o f  im p e r fe c t 
q u a l i t y  c o n tro l , i t  w ou ld  be u n r e a l is t ic  to  expect s e v e ra l guidance 
u n i ts  to  have t h e i r  f i r s t  f a i l u r e  o c c u r r in g  a t  id e n t ic a l  t im e s , even
though th e  u n i ts  were produced by th e  same m a n u fa c tu re r , in s t a l le d  
by th e  same m echan ic, and o pe ra ted  by th e  same o p e ra to r .  A l l  th a t  
one can re a so n a b ly  re q u ire  is  th a t  th e  t ru e  mean (ave rage ) l i e  
w i t h in  a s a t is fa c to r y  range.
A. P o in t E s tim a te
C o n s id e r, th e n , th e  p rob lem  o f  e s t im a tin g  th e  t ru e  mean µ o f
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a g iv e n  p o p u la t io n  w ith  a s in g le  e s t im a te ;  i . e . ,  a p o in t  e s t im a te . 
S e v e ra l typ e s  o f  p o in t  e s tim a te s  c o u ld  be used ( e . g . ,  th e  sample 
mean, m ed ian , g e o m e tr ic  mean, harm on ic  mean, e t c . )  b u t w h a te ve r 
p o in t  e s tim a te  is  used , i t  must be based on sample d a ta . I t  can 
be shown th a t  th e  b e s t p o in t  e s tim a te  i s  g iv e n  by th e  sample mean 
( r a th e r  th a n , sa y , th e  sample median o r  some o th e r  sample s t a t i s t i c ) .  
I t  i s  " b e s t "  fro m  th e  fo l lo w in g  s ta n d p o in ts :
(a ) I t  "z e ro s  i n "  on th e  t r u e  b u t unknown p o p u la t io n  mean µ as 
th e  sample s iz e  in c re a s e s
(b ) I t  i s  le s s  v a r ia b le  tha n  o th e r  e s tim a te s
(c ) I t  e x t r a c ts  a l l  th e  re le v a n t  in fo r m a t io n  from  th e  sample 
Thus, f o r  a s in g le  e s tim a te  (p o in t  e s tim a te )  o f  a p o p u la t io n  mean µ , 
one uses th e  sample e s tim a te
where n denotes th e  sample s iz e .
U s u a lly ,  one is  more in te r e s te d  in  o b ta in in g  an in t e r v a l  
e s tim a te  than  a p o in t  e s tim a te  o f  y ,  s in c e  he re a l iz e s  th a t  th e  sample 
mean X, though th e  b e s t e s tim a te  o f  µ , w i l l  neve r c o in c id e  w ith  µ .
I t  i s  p r e fe ra b le ,  th e re fo re ,  to  d e te rm ine  an in t e r v a l  e s tim a te  X + C, 
such th a t  one can a s s e r t  w ith  a s p e c i f ie d  c o n fid e n c e  th a t  th e  t ru e  
mean µ l i e s  w i t h in  t h i s  in t e r v a l .  Thus, i f  X + C is  a 95% c o n fid e n c e  
in t e r v a l  f o r  µ , one can wager 95 to  5 odds th a t  th e  t ru e  mean 
is  w i t h in  t h is  ra n ge ; and i f  he d id  so many t im e s , he w ou ld  be 
c o r re c t  in  95% o f  th e  cases.
B. C onfidence  I n t e r v a l  f o r  th e  P o p u la tio n  Mean µ .
In  th e  fo l lo w in g  d is c u s s io n  c o n ce rn in g  th e  d e te rm in a t io n  o f  an
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in t e r v a l  e s tim a te  f o r  th e  p o p u la t io n  mean p i t  w i l l  be assumed 
th a t  th e  p o p u la t io n  i s  n o rm a l; i . e . ,  th a t  th e  d is t r ib u t io n  o f  item s 
in  th e  p o p u la t io n  i s  c h a ra c te r iz e d  by th e  p r o b a b i l i t y  d e n s ity  fu n c t io n
where µ , o, and o d e n o te , r e s p e c t iv e ly ,  th e  p o p u la t io n  mean, s ta n ­
dard  d e v ia t io n ,  and v a r ia n c e . The method f o r  e s t im a tin g  th e  c o n s ta n t 
C f o r  th e  c o n fid e n c e  in t e r v a l  X +  C depends upon w he the r one knows 
(a t  le a s t  a p p ro x im a te ly )  th e  v a lu e  o f  o , perhaps from  p a s t e xp e rie n ce . 
I f  he does, then  he can u t i l i z e  th e  fa c t  th a t  th e  v a r ia b le
has a s ta n d a rd iz e d  norm a l d is t r ib u t io n  w ith  mean zero  and s tan d a rd  
d e v ia t io n  one. Hence, i f  th e  sample has a c tu a l ly  been drawn from  a 
norm al p o p u la t io n  w ith  mean p and s ta n d a rd  d e v ia t io n  a, th e  p r o b a b i l i t y  
th a t
-1 .9 6  < Z < 1 .96
i s  0 .9 5 . Or more g e n e ra lly ,  th e  p r o b a b i l i t y  th a t  th e  v a r ia b le  z w i l l  
be between th e  v a lu e s  + Za /2  is  1-a, where s a t i s f ie s  th e  r e la t io n ­
s h ip
is  a 100 ( l-a )%  co n fid e n ce  in t e r v a l  f o r  u .
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Example 1.. In  a la b o ra to ry  e x p e rim e n t, 50 e n g in e e r in g  s tu d e n ts 
s e p a ra te ly  measured the  s p e c i f ic  hea t o f  a lum inum , o b ta in in g  a mean 
o f  0 .2210 c a lo r ie s  p e r c e n tig ra d e  degree per gram. I t  is  known 
from  p a s t e xp e rie n ce  th a t  t h is  type  o f  measurement has a norm al 
d is t r ib u t io n  w ith  o = 0 .0240 . F ind  a 95% co n fid e n c e  in t e r v a l  fo r  
the  t ru e  s p e c i f ic  hea t (p o p u la t io n  mean µ ) o f  a lum inum .
From the  fo re g o in g  d is c u s s io n ,  i t  is  c le a r  th a t  Za/2 = Z.025 = 
1 .9 6 , so th a t
0.2144 < µ < 0 .2276
w h ich  is  the  d e s ire d  95% co n fid e n ce  in t e r v a l .
Now suppose th a t  i t  i s  known th a t  a p o p u la t io n  is  n o rm a l, b u t 
one has no know ledge o f  the  p o p u la t io n  s ta n d a rd  d e v ia t io n  o.  Then 
the  b e s t th a t  one can do is  to  e s tim a te  o from  sample d a ta . An 
unb iased e s tim a te  o f  o is  o b ta in a b le  from  the  sample s ta n d a rd  d e v ia t io n ,  
p ro v id e d  i t  is  c a lc u la te d  from  the  fo rm u la
o r
Then one knows th a t
has the  s o -c a lle d  t  d is t r ib u t io n
I n  o th e r  w o rd s , th e  v a r ia b le  3 = (X -y ) /^ L ;n o  lo n g e r  o b ta in s ,  b u t  i s  
re p la c e d  by th e  v a r ia b le  t  d e f in e d  above. The reason  th a t  th e  
v a r ia b le  t  does n o t have a s ta n d a rd iz e d  n o rm a l d is t r ib u t io n  as d id  
3 , i s  because th e  c o n s ta n t o i s  now re p la c e d  w i th  th e  sample s t a t i s t i c  
s , w h ich  v a r ie s  fro m  sample to  sam ple. Now a 1 0 0 ( l-a )% c o n fid e n c e  
in t e r v a l  f o r  µ i s  g iv e n  by
where t a /2  s a t i s f i e s  th e  r e la t io n s h ip
U n fo r tu n a te ly ,  t h i s  in t e g r a l  canno t be e v a lu a te d  in  c lo s e d  fo rm . F or
t h is  re a s o n , v a lu e s  o f  t  have been e v a lu a te d  and ta b u la te d  [ l ] t h e
s p e c i f ic  v a lu e s  a = 0 .0 0 5 , 0 .0 1 , 0 .0 2 5 , 0 .0 5 ,  0 .1 0  and f o r  th e  degrees 
< >
o f  freedom  n -  1 -  29. (When n -  1 -  29 , th e  t  d i s t r ib u t io n  may
f o r  a l l  p r a c t ic a l  purposes be c o n s id e re d  as id e n t ic a l  w i t h  th e
no rm a l d is t r i b u t i o n ,  so th a t  one can use th e  3 v a r ia b le  in s te a d  o f
t . )  These v a lu e s ,  to g e th e r  w i th  a know ledge o f  th e  sam ple s iz e  n
and sam ple s ta n d a rd  d e v ia t io n  s , ena b le  one to  d e te rm in e  th e  c o rre s p o n d in g
c o n fid e n c e  l i m i t s ,  as th e  fo l lo w in g  exam ple shows.
Example 2. A random sample o f  25 measurements o f  th e  c o e f f ic ie n t  
o f  th e rm a l expa n s io n  o f  n ic k e l  have a mean o f  12 .81  and a s ta n d a rd  
d e v ia t io n  o f  0 .0 4 . C o n s tru c t a 95% c o n fid e n c e  in t e r v a l  f o r  th e  a c tu a l 
c o e f f ic ie n t  o f  e xp a n s io n . Assume th a t  th e  25 measurements c o n s t i t u te  
a random sam ple fro m  a n o rm a l p o p u la t io n .





That i s ,  one is  95% c o n f id e n t th a t  th e  t ru e  va lu e  o f  th e  c o e f f ic ie n t  
o f expansion o f  n ic k e l  l i e s  between 12.793 and 12 .827 . O r, e q u iv a le n t ly ,  
he can wager w ith  95 to  5 odds th a t  such is  the  case.
C. D e te rm in a tio n  o f  Sample S ize  R equired  f o r  a S p e c if ie d  C on fidence
When one uses a sample mean to  e s tim a te  the  mean o f  a p o p u la t io n , 
he knows th a t  a lth o u g h  he is  u s in g  a method o f  e s t im a tio n  w h ich  has 
c e r ta in  d e s ira b le  p ro p e r t ie s ,  the  p r o b a b i l i t y  is  e s s e n t ia l ly  zero 
th a t  the  e s tim a te  is  equa l to  the  mean µ . Hence, i t  would seem 
d e s ira b le  to  accompany such a p o in t  e s tim a te  o f  µ w ith  some sta tem en t 
as to  how c lo se  one m igh t reasonab ly  expect the  e s tim a te  to  be. To 
examine th is  e r r o r ,  one makes use o f  the  fa c t  th a t  fo r  la rg e  n
i s  a v a lu e  o f  a random v a r ia b le  h a v in g  a p p ro x im a te ly  th e  s ta n d a rd  
no rm a l d i s t r i b u t i o n .  ( I f  th e  sam ple i s  ta ke n  fro m  a no rm a l p o p u la t io n ,  
Z is  n o rm a lly  d is t r ib u t e d  re g a rd le s s  o f  sam ple s iz e . )  C o n s e q u e n tly , 
as p re v io u s ly  p o in te d  o u t ,  one can a s s e r t  w i th  p r o b a b i l i t y  1 - a  t h a t
o r  e q u iv a le n t ly ,
where Za / 2 i s  such th a t  th e  no rm a l cu rve  a rea  to  i t s  r i g h t  e q u a ls  a /2
(w h ich  is  e q u iv a le n t  to  th e  in t e g r a l  d e f in i t i o n  o f  a /2  g iv e n  p r e v io u s ly ) .  
S in ce  | X -  µ | i s  th e  n u m e r ic a l e r r o r  E w h ich  r e s u l t s  fro m  e s t im a tin g  
µ w ith  th e  sample mean X, one can w r i t e  th e  above in e q u a l i t y  as
w ith  p r o b a b i l i t y  1 -  a .  T h a t i s ,  i f  one e s tim a te s  µ by means o f  a 
random sample o f  s iz e  n ,  he can a s s e r t  w i th  a p r o b a b i l i t y  o f  1 -  a 
th a t  th e  e r r o r  E = j X -  y |. i s  le s s  th a n  Z ^ 2 ah/n", a t  le a s t  i f  n 
i s  n o t to o  s m a ll (sa y  a t  le a s t  30 , as a r u le  o f  thum b). C o n ve rse ly , 
one can s o lv e  th e  la s t  in e q u a l i t y  f o r  n ,  o b ta in in g
T h is  in e q u a l i t y  s ta te s  th a t  i f  one s e le c ts  a sample o f  s iz e  n such th a t
one can a s s e r t  w i t h  p r o b a b i l i t y  1 -  a th a t  th e  e r r o r  o f  e s t im a tin g  y 
by means o f  X w i l l  be le s s  tha n  E. To be a b le  to  use t h is  fo rm u la  f o r  
com puting  th e  sam ple s iz e  needed to  e s tim a te  µ in  a g iv e n  s i t u a t io n ,  
i t  i s  n ecessa ry  to  s p e c i fy  a ,  a , and E. Thus, one must g iv e  n o t o n ly  
th e  maximum to le r a b le  e r r o r  E and th e  p o p u la t io n  s ta n d a rd  d e v ia t io n  a , 
b u t a ls o  th e  p r o b a b i l i t y  1 -  a w i th  w h ich  one w ishes to  a s s e r t  th a t  
th e  maximum e r r o r  w i l l  be le s s  th a n  E. (N ote  th a t  one cannot d e te rm ine  
Za/2 u n t i l  a -  o r  e q u iv a le n t ly  1 -  a -  i s  s p e c i f ie d . ) .  The p o p u la t io n  
s ta n d a rd  d e v ia t io n  is  u s u a l ly  e s tim a te d  w i th  p r io r  d a ta  o f  a s im i la r  
k in d ,  and sometimes a good guess w i l l  have to  do. The fo l lo w in g  
examples are i l lu s t r a t iv e .
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Example 3 . Suppose a u t i l i t i e s  company e s tim a te s  th e  mean 
amount o f  i t s  p a s t-d u e  accoun ts  by ta k in g  a random sample o f  81 
b i l l s .  I f  th e  mean i s  $9.87 and th e  s ta n d a rd  d e v ia t io n  is  $ 5 .1 4 , 
what i s  th e  p r o b a b i l i t y  th a t  an e r r o r  o f  n o t more tha n  $1.00  is  
made when e s t im a t in g  th e  mean d e lin q u e n t accoun t to  be $9.87? 
S o lu t io n : Use th e  in e q u a l i t y
From a s ta n d a rd iz e d  norm a l ta b le  one n o te s  th a t  f o r  Z = 1 .7 5 ,a/2 ’
the  r ig h t  t a i l  o f  th e  norm a l cu rve  is  = 0 .0401 , so th a t  1 -  a = 
0 .9 2 . That i s ,  th e  p r o b a b i l i t y  th a t  an e r r o r  o f  no more tha n  1 .00  
r e s u l ts  i s  0 .9 2 .
Example 4 . The mean o f  a sample o f  n "0  gauge" w ire s  is  used 
to  check the  mean d ia m e te r o f  an incom ing  sh ipm ent o f  a la rg e  number 
o f  such w ire s .  How la rg e  a sample is  necessa ry  i f  one w ishes to  be 
95% c o n f id e n t th a t  th e  e r r o r  in  e s t im a tin g  th e  mean o f  th e  sh ipm ent 
is  to  be le s s  than  0.006? Assume th a t  i t  is  known th a t  th e  d ia m e te rs  
o f "0  guage" w ire s  a re  n o rm a lly  d is t r ib u te d  w ith  s ta n d a rd  d e v ia t io n  
o f  0 .006 in c h .
S o lu t io n : Use the  a fo rem en tioned  fo rm u la
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Thus, one can be 95% c o n f id e n t  th a t  th e  mean o f  a sample o f  16 
measurements w i l l  d i f f e r  fro m  th e  sh ipm en t mean by n o t more th a n  
0 .006  in c h .
D. H y p o th e s is  T e s t in g
C lo s e ly  r e la te d  to  th e  p ro b le m  o f  in t e r v a l  e s t im a t io n  i s  th a t
o f  h y p o th e s is  t e s t in g .  Thus, one may w is h  to  know w h e th e r a
2
sample o f  s iz e  n and w ith  v a r ia n c e  s came fro m  a no rm a l p o p u la t io n  
whose mean i s  µ and whose v a r ia n c e  i s  unknown. T h is  q u e s t io n  can 
be answered by u t i l i z i n g  th e  f a c t  th a t
has a t  d i s t r i b u t i o n  w ith  n -1  degrees o f  freedom . The fo l lo w in g  
exam ple i s  i l l u s t r a t i v e .
Example 5 . A random sam ple o f  b o o ts  w orn  by 50 s o ld ie r s  in  
a d e s e r t  re g io n  showed an average  l i f e  o f  1 .2 4  ye a rs  w ith  a s ta n d a rd  
d e v ia t io n  o f  0 .5 5  y e a rs . Under s ta n d a rd  c o n d it io n s ,  such b o o ts  
a re  known to  have an average  l i f e  o f  1 .4 0  y e a rs . I s  th e re  reason  
to  a s s e r t  a t  th e  5% le v e l  o f  s ig n i f ic a n c e  th a t  use in  th e  d e s e r t  
causes th e  average  l i f e  o f  such b o o ts  to  decrease? In  o th e r  w o rd s , 
does t h is  sam ple come fro m  a n o rm a l p o p u la t io n  w ith  known mean b u t 
unknown v a r ia n c e ?
The answer to  t h i s  q u e s t io n  in v o lv e s  t e s t in g  a " n u l l "  h y p o th e s is  
H 0 ( i . e . ,  a h y p o th e s is  to  be e i t h e r  accep ted  o r  r e je c te d )  a g a in s t 
an a l t e r n a t iv e  h y p o th e s is  H 1. S p e c i f ic a l ly :
where µ deno tes  th e  mean l i f e  o f  b o o ts  w orn i n  th e  d e s e r t .  
To re a ch  a d e c is io n ,  one must compute t  =
where µ = 1 . 24,  s = 0 . 55,  n = 50.  I f  t  > t a/2 where t a /2  
th e  c r i t i c a l  v a lu e  o f  t  o b ta in e d  fro m  a t  t a b le ,  c o rre s p o n d in g  to  
a co n fid e n c e  le v e l  a and n -1  degrees o f  freedom , one r e je c t s  Hq 
I n  t h i s  p a r t i c u la r  case , l e t  a = 0 .0 5 . Then
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From th e  t  t a b le ,  t -025 = 1 . 96 f o r  49 degrees o f  freedom . Hence, 
t  = 2 .057 > t .0 2 5  = 1 .9 6  so one r e je c t s  H0. That i s ,  one
conc ludes th a t  th e  average l i f e  o f  b o o ts  worn i n  d e s e r t  re g io n s  is
d i f f e r e n t  from  th e  average l i f e  under s ta n d a rd  c o n d it io n s .
I I I .  ESTIMATING A POPULATION VARIANCE: POINT AND INTERVAL ESTIMATES
Of somewhat le s s  im p o rta nce  tha n  th e  e s t im a tio n  o f  th e  mean -  
b u t n e v e rth e le s s  o f te n  n e c e s s ita te d  -  i s  th e  e s t im a t io n  o f  the  
v a r ia n c e . F o r w h ile  th e  mean i s  an e s tim a te  o f  c e n t r a l  tendency , 
th e  v a r ia n c e  about th e  mean in d ic a te s  th e  v a r ia t io n  o f  th e  item s 
about the  mean. In  prob lem s o f  e s t im a t io n ,  th e  accu racy  o f  a 
p re d ic te d  v a lu e  o f  a p o p u la t io n  s t a t i s t i c ,  such as th e  p o p u la t io n  
mean depends h e a v i ly  upon th e  p o p u la t io n  v a r ia n c e . E s t im a tio n  o f  
th a t  v a r ia n c e  i s ,  th e re fo re ,  o f  c o n s id e ra b le  im p o rta nce  in  such a 
s i t u a t io n  -  and many o th e rs .
A. P o in t E s tim a te  o f  th e  P o p u la tio n  V a ria n ce  02
J u s t as th e  sample mean can be used to  e s tim a te  the  p o p u la t io n  
mean, so th e  sample v a r ia n c e  can be used to  e s tim a te  th e  p o p u la t io n  
v a r ia n c e . However, u n l ik e  th e  sample mean, th e  sample v a r ia n c e
2
i s  n o t an unbiased e s tim a te  o f  the  p o p u la t io n  v a r ia n c e  o , T h is
2
means th a t  i f  many sample v a r ia n c e s  02 (as ju s t  d e fin e d )  were averaged,
t h e i r  average (mean) w ou ld  n o t approach 02 as th e  number o f  samples 
in c re a s e d .
2 2 w h ich  is  m e re ly  th e  sample v a r ia n c e  S m u l t ip l ie d  by a c o n s ta n t n /o 2 .
The reason  f o r  u t i l i z i n g  th e  s t a t i s t i c  n s2/a2  is  th e  f a c t  th a t  i t s
2
sa m p ling  d is t r ib u t io n  i s  th e  w e ll-k n o w n  c h i-s q u a re  (x  2) d is t r ib u t io n  
w ith  (n -1 )  degress o f  freedom , nam ely ,
2
I t  i s  assumed, o f  c o u rs e , th a t  th e  sam ple o f  s iz e  n , fro m  w h ich  X 
i s  com puted, was drawn fro m  a no rm a l p o p u la t io n .  Then
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However, n /n -1  s 2  is  a n  unb iased  e s tim a te  o f  a  F o r t h i s  reason  th e  
sample v a r ia n c e  i s  sometimes d e f in e d  as
2
i t  i s  an unb iased  e s tim a te  o f  02 .
B. I n t e r v a l  E s tim a te  o f  th e  P o p u la t io n  V a r ia n c e  o2
In  o rd e r  to  d e te rm in e  an in t e r v a l  e s tim a te  (c2L, o2U w h ich
2
co ve rs  th e  unknown v a lu e  o2 w ith  a s p e c i f ie d  c o n f id e n c e , one must
know th e  sa m p lin g  d is t r ib u t io n  o f  th e  v a r ia n c e ;  o r  e q u iv a le n t ly ,
2
th e  sa m p lin g  d is t r ib u t io n  o f  — ~
a
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is  a c h i-s q u a re  v a r ia b le  w ith  n -1  degrees o f  freedom . S o lv in g  t h is  
fo rm u la  f o r    in  term s o f  S2 and x2 ,  one o b ta in s
Then a 100 (1  - a  )% co n fid e n c e  in t e r v a l  f o r  a2 i s  g iv e n  by
 
where     and      a re  re ad from  a x 2 -  ta b le ,  b u t s a t i s f y  th e
r e la t io n s
A lo w e r 100 ( 1-a)%  c o n fid e n ce  l i m i t  on 
te rm in e d  from  th e  r e la t io n
where is  de -
S im i la r ly ,  an upper 100 (1 - a ) %  co n fid e n c e  l i m i t  on 
de te rm ined  from  th e  e q u a tio n
is
Example -  The d ia m e te rs  o f  random sample o f  12 b o l ts  have a 
2
v a r ia n c e  o f  S2 = 0.000050. Assuming th a t  th e  d ia m e te rs  o f  such
2
b o lts  c o n s t i tu te  a norm a l p o p u la t io n  w ith  v a r ia n c e  a 2 , f in d  95%
2
co n fid e n ce  l im i t s  f o r  a 2 .
As was p re v io u s ly  s ta te d ,  a 100 ( 1-a)% c o n fid e n ce  in t e r v a l  f o r
2
a2 i s  g ive n  by
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2 2
In  th e  p re s e n t p ro b le m , a = 0. 05 and      ,  as we l l  a s     ,  has
e le ve n  degrees o f  freedom . U sing a x2 ta b le ,  one f in d s  th a t  X 
2
3.816 and      = 21.920, so th a t  th e  d e s ire d  c o n fid e n c e  in t e r v a l  is
o r
Or e q u iv a le n t ly ,
0.0052 < a < 0.0125  
C. H yp o th e s is  T e s t in g
In s te a d  o f  b ra c k e t in g  th e  unknown p o p u la t io n  v a r ia n c e ,  one 
m ig h t choose to  v ie w  th e  p rob lem  as one o f  h y p o th e s is  te s t in g .  
That i s ,  he may w is h  to  t e s t  th e  n u l l  h y p o th e s is
a g a in s t th e  a l t e r n a t iv e  h y p o th e s is
p a r t i c u la r l y  i f  he wants to  know w he the r a2 d i f f e r s  s ig n i f i c a n t l y  -
2
in  e i t h e r  d i r e c t io n  -  from  some d e s ire d  v a lu e  a02. O r, i f  he is
p r im a r i ly  concerned th a t  th e  (n o rm a l) p o p u la t io n  v a r ia n c e  n o t
2
exceed some c r i t i c a l  value a02, he w ou ld  t e s t  th e  n u l l  h y p o th e s is
a g a in s t th e  a l t e r n a t iv e  h y p o th e s is
S im i la r ly ,  he m ig h t t e s t  th e  n u l l  h y p o th e s is
a g a in s t th e  a l t e r n a t iv e  h y p o th e s is
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The fo llo w in g  examples i l l u s t r a t e  the  procedure. I t  shou ld be 
remembered th a t  one n e c e s s a r ily  assumes th a t  the  sample has come 
from  a norm al p o p u la tio n .
Example 6 . Past da ta  in d ic a te  th a t  the  v a r ia n c e  o f  measurements 
made on sheet m e ta l stampings by experienced q u a l i ty  c o n tro l in s p e c to rs  
i s  0.16 square in ches . Such measurements made by an inexperienced  
in s p e c to r  cou ld  have too  la rg e  a va ria n ce  (perhaps because o f 
i n a b i l i t y  to  read the  in s trum en ts  p ro p e r ly )  o r too sm a ll a va rian ce  
(perhaps because u n u s u a lly  h ig h  o r low measurements are  d is c a rd e d ).
I f  a new in s p e c to r  measures 15 stampings w ith  a va ria n ce  o f 0.11  
square in ch e s , te s t  a t  the  a = 0.05 le v e l o f s ig n if ic a n c e  whether 
the  in s p e c to r is  making s a t is fa c to r y  measurements.
S o lu t io n . The n u l l  and a l te r n a t iv e  hypo thes is  a re , re s p e c t iv e ly ,
a ch i-sq u a re  d is t r ib u t io n  w ith  n -1  = 14 degrees o f freedom. I f  the
 2
va lue  o f     is  le s s  than         o r g re a te r than 
one re je c ts  H0. In  th is  p a r t ic u la r  case,
To te s t  H0 one computes    ,  w h ich , as s ta te d  p re v io u s ly ,  has
= 25.818>  26.119
and one c o n c lu d e s , th e r e fo r e ,  th a t  th e  new in s p e c to r  i s  n o t m aking 
s a t is fa c t o r y  m easurem ents. S p e c i f ic a l ly ,  th e y  a re  i n  g e n e ra l to o  
la rg e .
I f  one w ere o n ly  concerned w ith  th e  measurements b e in g  to o  
la r g e ,  he c o u ld  sharpen  th e  p ro ce d u re  by c a r r y in g  o u t a o n e - t a i l  
t e s t  a t  th e  a le v e l  o f  s ig n i f ic a n c e :
Thus, th e  h y p o th e s is  Hq i s  re je c te d  as b e fo re .  N o te , how ever,
nS2
th a t  th e  v a lu e  o f  — ^  does n o t have to  be q u i te  as la rg e  as b e fo re
a
i n  o rd e r  to  r e je c t  Hq ; s p e c i f i c a l l y ,  th e  c r i t i c a l  v a lu e  i s  now 23.685 
as compared w i th  2 6 .3 19 . T h is  r e s u l t s  in  a s h a rp e r t e s t .
IV  COMPARISON OF TWO SAMPLE MEANS, VARIANCES, OR PROPORTIONS
In  many r e a l  w o r ld  p ro b le m s , one needs to  d e te rm in e  w he the r 
two sample means a re  s i g n i f i c a n t l y  d i f f e r e n t .  That i s ,  one must 
f r e q u e n t ly  d e c id e  w he th e r two p a r t i c u la r  samples come from  two 
p o p u la t io n s  w i th  id e n t ic a l  means, o r  w i th  d i f f e r e n t  means. For 
exam ple , i t  may be n e ce ssa ry  f o r  th e  army to  d e te rm in e  w he th e r b o o ts  
w orn by s o ld ie r s  in  a d e s e r t  re g io n  have an average  l i f e  w h ich  is  
le s s  th a n  th e  average  l i f e  o f  b o o ts  w orn  in  A r c t ic  re g io n s .  The 
c o n c lu s io n  in  such a case i s  based on com paring  th e  mean l i f e  o f  
a sample o f  b o o ts  w orn i n  th e  d e s e r t  re g io n  w ith  th a t  o f  a sample
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2 2S in ce  a ■ 0 .0 5 ,  one n o te s  th a t  th e  c r i t i c a l  v a lu e  o f  x i s  x qj “  
23.685
o f  b o o ts  worn in  A r c t ic  re g io n s .
S im i la r ly ,  i t  may be nece ssa ry  to  d e te rm in e  w he the r th e  le n g th  
o f  l i f e  o f  b o o ts  worn in  a d e s e r t  re g io n  i s  more v a r ia b le  th a n  th a t  
o f  b o o ts  w orn in  A r c t ic  re g io n s .  T h a t i s ,  a re  th e  v a r ia n c e s  o f  
th e  two p o p u la t io n s  ( l i f e  under d e s e r t  wear and l i f e  under A r c t ic  
c o n d it io n s )  s ig n i f i c a n t l y  d i f f e r e n t?  A g a in , such a c o n c lu s io n  must 
be reached by com paring  th e  sample v a r ia n c e s  o f  two sam ples, one 
fro m  each p o p u la t io n .
A c tu a l ly ,  th e  p ro ced u re  u t i l i z e d  depends upon w he th e r one 
knows what m a th e m a tic a l fu n c t io n  ( p r o b a b i l i t y  d e n s ity  fu n c t io n )  
c h a ra c te r iz e s  th e  d is t r ib u t io n  o f  th e  ite m s in  a p o p u la t io n .  F o r 
exam ple, can one assume th a t  th e  l i f e  o f  b o o ts  b o th  in  a d e s e r t  and 
in  an A r c t ic  env ironm en t i s  c h a ra c te r iz e d  by a norm a l d is t r ib u t io n ?  
I f  so , one has a p a ra m e tr ic  p rob lem  w h ich  i s  so lve d  by u s in g  th e  
t - t e s t .  I f  one can o n ly  assume th a t  th e  l i f e  d is t r ib u t io n  is  
c h a ra c te r iz e d  by a c o n tin u o u s  m a th e m a tica l fu n c t io n  ( p r o b a b i l i t y  
d e n s ity  f u n c t io n ) ,  the n  a n o n p a ra m e tric  a n a ly s is  i s  used; nam ely, 
a n o n p a ra m e tr ic  t - t e s t .  For a com parison o f  v a r ia n c e s , th e  same 
s i t u a t io n  e x is t s .  Tha t i s ,  i f  th e  p o p u la t io n s  a re  n o rm a l, a (p a ra ­
m e tr ic )  F - te s t  i s  used ; i f  n o t ,  a n o n p a ra m e tric  o r d is t r ib u t io n - f r e e  
F t e s t  i s  used.
A. P a ra m e tr ic  A n a ly s is
1. P a ra m e tr ic  t - t e s t
T h is  t e s t  i s  des igned to  d e te rm ine  w he ther two samples came 
from  two norm a l p o p u la t io n s  w ith  id e n t ic a l  means; o r  e q u iv a le n t ly ,  
to  d e te rm ine  w he the r th e  means o f  two samples from  norm a l p o p u la tio n s  
a re  s ig n i f i c a n t l y  d i f f e r e n t .  T h is  t e s t  re q u ire s  th a t  th e  two norm al
22
p o p u la tio n s  have id e n t ic a l  va ria n ce s  -  a ra th e r  s tro n g  assum ption.
The use o f  the  te s t  i s  bes t e xp la ined  by an example.
Example 7. Members o f  an army e v a lu a tio n  team are  a tte m p tin g  
to  e va lu a te  the  r e la t iv e  m e r its  o f  two des igns o f  a n t ita n k  p r o je c t i le s .  
A sample o f  10 p r o je c t i le s  o f  Type A are  f i r e d  a t  maximum range , 
w ith  a mean ta rg e t  e r ro r  o f  24 fe e t  and a v a r ia n c e  o f  16 fe e t .  A 
sample o f  8 p r o je c t i le s  o f  Type B are  f i r e d ,  w ith  a mean ta rg e t  e r ro r  
o f  30 fe e t  and a v a r ia n c e  o f  25 fe e t .  Is  th e re  a s ig n i f ic a n t  d i f ­
fe rence  between the  mean ta rg e t  e r ro rs  o f  the  two k in d s  o f  p ro je c ­
t i l e s  a t  the  a = 0.01  le v e l o f  s ig n if ic a n c e ?
S o lu t io n .
I t  i s  w e ll-know n th a t  the  s t a t i s t i c
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where d = U1 - U2 is  the  d if fe re n c e  between the  two p o p u la tio n  means, 
has a t  d is t r ib u t io n .  Hence, the  problem reduces to  te s t in g  the n u l l  
hypo the s is  H0 a g a in s t the  a l te r n a t iv e  h ypo the s is  H l.
on the  ba s is  o f  the  t  va lu e  ob ta ined  by s u b s t itu t in g  the  re le v a n t
sample da ta  in to  the  above t  fo rm u la . I f   w h e re     is
ob ta ined  from  the  t - t a b le  [ 1 ,  p .  399 ]  w ith  -  2 degrees o f freedom
the  hypo the s is  H0 is  r e je c t e d ;  o th e rw is e , i t  is  accepted. In  the  
problem  a t hand,
and
= 2.833 > 2.120
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Thus, one re je c ts  H0 .
I f  one wished to  te s t  the  h ypo the s is  H0 :       a g a in s t the
a lte rn a t iv e            , one would compare the  computed va lue  
t  = 2.833 w ith  the  c r i t i c a l  va lue  t 0.25 = 1 . 746. S ince t  = 2.833>  
1.746, H0 would be re je c te d .  I t  is  assumed, o f  cou rse , th a t  bo th  
samples came from  norm al p o p u la tio n s .
2. P a ram etric  F te s t  fo r  comparing two v a r ia n c e s .
The pa ram e tric  F te s t  is  designed to  determ ine whether two 
samples came from  two norm al p o p u la tio n s  w ith  id e n t ic a l  va ria n ce s . 
Thus, fo r  the two samples in  Example 6, one m ight w ish  to  te s t  the  
hypo thes is
a g a in s t th e  a l t e r n a t iv e  h y p o th e s is
2 2where  and a^  denote  th e  v a r ia n c e s  o f  th e  norm a l p o p u la t io n s  from  
w h ich  th e  two samples were ta k e n ; nam ely , th e  v a r ia n c e s  o f  a l l  p ro ­
j e c t i l e s  o f  Types A and B w h ich  w ou ld  e ve r be produced. In  w o rds , 
one w ishes to  know w he ther th e  v a r i a b i l i t y  in  th e  m agn itude  o f  th e
e r r o r  d i f f e r s  f o r  th e  two typ e s  o f rounds. To answer t h is  q u e s t io n ,
2 2
one u t i l i z e s  the  fa c t  th a t  th e  r a t io  x x x x x  o f  two sample v a r ia n c e s  
has an F d is t r ib u t io n  w ith  n1 -  1 and n2 -  1 degrees o f  freedom , p ro ­
v id e d  th a t  the  samples were drawn from  norm al p o p u la t io n s .  C r i t i c a l  
va lu e s  o f  the  F d is t r ib u t io n  co rre sp o n d in g  to  a = 0.01 and a = 0.05 
le v e ls  o f s ig n if ic a n c e  have been ta b u la te d  f o r  v a r io u s  degrees o f  
freedom [1 ,p .  401] S ince  th e  e n t r ie s  in  th e  F ta b le s  a re  a l l  equa l to  
o r g re a te r  than  1, i t  is  necessary  to  p la c e  th e  la r g e r  v a r ia n c e  in  
the  num erato r o f  the  F r a t io .  Then, in  d e te rm in in g  th e  c r i t i c a l
va lu e  o f  F, the  degrees o f  freedom correspond ing  to  the  num erator 
are lo ca te d  a t the  top  o f  the  F ta b le  and those correspond ing  to  
the  denom inator a re  lo ca te d  a t the  s id e  o f  the  F ta b le .  I f  the  F 
r a t io  exceeds t h is  c r i t i c a l  v a lu e , th e  hypo thes is
is  re je c te d
To i l l u s t r a t e  the  p rocedure , cons ide r te s t in g  the hypo thes is
a g a in s t the  a l te r n a t iv e
w ith  a = 0.05 fo r  the  da ta  o f  Example 7. Then
= 25/16  
= 1 .5 6 2 .
E n te r in g  the  F0.05 ta b le  w ith  n2 -  1 = 7 degrees o f  freedom a t the  
top  and n1 -  1 = 9 degrees o f  freedom a t  the  s id e , one f in d s  the  
c r i t i c a l  va lue  F* to  be F* = 3 .29 . Since F = 1.562 < 3 .29 , one 
accepts H0 .
Now suppose one w ishes to  know whether was d i f f e r e n t  from
e ith e r  la rg e r  o r  s m a lle r . That i s ,  one w ishes to  te s t  the  hypo thes is
a g a in s t the  a l te r n a t iv e  hypo thes is
us ing  the  F.0 5  ta b le .  Again one c a lc u la te s  the va lue
= 25/16 
= 1.562
as b e fo re , by p la c in g  the  la rg e r  va ria n ce  in  the  num erator o f  the  F
r a t io .  A ls o , as b e fo re , the  c r i t i c a l  va lue  F* = 3.29 is  ob ta ined  
and one accepts H0 . But now the  le v e l o f  s ig n if ic a n c e  is  no longe r 
a = 0.05 b u t a = 0 .1 0 ; i . e . ,  the  le v e l has doubled. T h is  is  due 
to  th e  fa c t  th a t  the  c r i t i c a l  va lues in  th e  F ta b le  make no a llow ance 
fo r  F r a t io s  w h ich are  le s s  than one, and th e re  is  a p r o b a b i l i t y  o f
1/2 th a t  i f  one c o n s tru c ts  the  F r a t io  as
p _ va ria n ce  o f f i r s t  sample 
va r ia n c e  o f second sample
the  va lue  o f  F w i l l  be le s s  than one.
B. Nonparam etric A n a lys is
1. Nonparam etric t  t e s t .
Nonparam etric t  te s ts .a re  designed to  determ ine whether two 
samples came from  p o p u la tio n s  w ith  d i f f e r e n t  means, in  which i t  
is  no t re q u ire d  th a t  the p o p u la tio n s  be norm al. In  f a c t ,  no assump­
t io n  is  p laced on the  d is t r ib u t io n  o f the  item s in  the  p o p u la tio n , 
o th e r than the weak c o n d it io n  th a t  the  d is t r ib u t io n  be described  
by a con tinuous m athem atica l fu n c t io n .  W hile  se ve ra l such te s ts  
a re  a v a ila b le ,  o n ly  the  Mann-Whitney U te s t  w i l l  be considered 
here. I t  is  based on ra n k -o rd e r s t a t i s t i c s ,  as is  in d ic a te d  by 
the fo llo w in g  example.
Example 8 .
An experim ent designed to  compare the  te n s i le  s tre n g th  o f 
two k in ds  o f ya rn  produced the fo llo w in g  re s u lts  ( in  pounds):
Yarn A: 143 .6 , 144 .8 , 145.2 , 144 .8 , 145 .6 , 146.0 ,
143.0 , 147 .4 , 144 .0 , 145 .6 , 145 .5 , 144.8
Yarn B: 146 .6 , 147 .8 , 144 .4 , 140 .8 , 143 .0 , 148.8 ,
153 .0 , 142 .4 , 146 .8 , 143 .2 , 140 .9 , 150.6
Use the  U -te s t a t  the  a = 0.05 le v e l o f  s ig n if ic a n c e  to  te s t  the
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n u l l  h y p o th e s is
a g a in s t  th e  a l t e r n a t iv e  h y p o th e s is
To reach  a d e c is io n ,  one f i r s t  j o i n t l y  a rra n ge s  th e  24 ob­
s e rv a t io n s  a c c o rd in g  to  s iz e ,  r e ta in in g  th e  sample id e n t i t y  o f  each 
o b s e rv a t io n .  Then one a s s ig n s  th e  ranks 1, 2 , 3 , . . . ,  2 4  as 
shown in  th e  fo l lo w in g  ta b le :
Yarn B B B B A B A












































































Note th a t  i f  two o r  more o b s e rv a t io n s  a re  t ie d  in  ra n k , one a ss ig ns  
to  each o f  th e  o b s e rv a tio n s  th e  mean o f  th e  ranks  th e y  j o i n t l y  
occupy.
C o n s tru c t th e  s t a t i s t i c
where n1 = s iz e  o f  sample #1 
n2 = s iz e  o f  sample #2
R1 = th e  sum o f  th e  ra n ks  o ccup ied  by th e  f i r s t  sa m p le .
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I t  can be shown th a t  i f  b o th  n1 and n2 a re  g re a te r  tha n  8 , the  
d is t r ib u t io n  o f  th e  U s t a t i s t i c  i s  a p p ro x im a te ly  norm a l w i th  mean
and v a r ia n c e
Thus,
has a p p ro x im a te ly  th e  s ta n d a rd iz e d  no rm a l d is t r ib u t io n .  In  t h is  
example
T hus,
S ince Z is  (a p p ro x im a te ly )  n o rm a lly  d is t r ib u te d ,  
Thus, Z = 0 .14  < 1 .9 6 , so H0 i s  accep ted  and i t  is  concluded th a t  
the  p o p u la t io n  means are  id e n t ic a l .
I f  n1 and n2 a re  n o t b o th  g re a te r  than  8 , the  c r i t i c a l  v a lu e  o f U
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is  no lo n g e r Z , b u t can be ob ta ined  from  a s p e c ia l ta b le  [13] . 
I f  the  sample va lu e  o f  U is  g re a te r than t h is  c r i t i c a l  v a lu e ,
Ho is  re je c te d .  O the rw ise , is  accepted.
2. Nonparam etric F te s t  fo r  comparing two va riances
I f  the  ranks a re  assigned in  a somewhat d i f f e r e n t  manner 
than th a t  used in  Example 8, the U s t a t i s t i c  can a lso  be used to  
te s t  the  n u l l  hypo the s is  o f  id e n t ic a l  p o p u la tio n s  a g a in s t the 
a l te r n a t iv e  hypo the s is  th a t  the  p o p u la tio n s  have unequal v a r ia n c e s . 
The ranks a re  assigned "from  bo th  ends toward the  m id d le " by 
a ss ig n in g  Rank 1 to  the  s m a lle s t o b s e rv a tio n , Ranks 2 and 3 to  
the  la rg e s t  and second la rg e s t  o b s e rv a tio n s , Ranks 4 and 5 to  the 
second and t h i r d  s m a lle s t,  ranks 6 and 7 to  th e  t h i r d  and fo u r th  
la rg e s t ,  and so on. A l l  o th e r aspects a re  id e n t ic a l  w ith  those 
o f  the  Mann-Whitney U te s t  d iscussed in  Example 8  The example 
below i l lu s t r a t e s  th e  use o f  the  U - te s t as a nonparam etric  F te s t .
Example 9 .
Use the  U - te s t  to  de term ine whether the  two p o p u la tio n s  
from  w hich the  samples in  Example 8 were taken have equal va ria n ce s .
Yarn B B B B A B A A B
O bserva tion   140.8 140.9 142.4 143.0 143.0 143.2 143.6 144.0 144.4
Rank 1 4 5 8 .5  8 .5  12 13 16 17
Yarn A A A A A A A A B
O bserva tion  144.8 144.8 144.8 145.2 145.5 145.6 145.6 146.0 146.6
Rank 21.67 21.67 21.67 23 22 18.5 18.5 15 14
Yarn B A B B B B
O bserva tion  146.8 147.4 147.8 148.8 150.6 153.0
Rank 11 10 7 6 3 2
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The ra n k in g  was c a r r ie d  ou t as exp la ined  above -  d i f f e r e n t ly  from  
th e  ra n k in g  method used in  the  nonparam etric  t  t e s t .  Then, as in  
Example 8 ,
n1 = n2 = 12
n -  72 u
2 = 300 u
V = 17.32 u
a -  0.05
^  = 8 .5  + 13 + 16 + 21.67 + 21.67 + 21.67 
+ 23 + 22 + 18.5 + 18.5 + 1 5 + 1 0
= 209.51
S in c e jZ j=  3.44 > Zq ^ 5  = 1*96, the  hypo thes is  is  re je c te d .
That i s ,  one concludes th a t  the  p o p u la tio n  va rian ces  are  d i f f e r e n t .
3. A nonparam etric  te s t  f o r  comparing two p ro p o rtio n s
There are  fre q u e n t ly  s itu a t io n s  in  which one w ishes to  know 
i f  two p ro p o rt io n s  are s ig n i f ic a n t ly  d i f f e r e n t .  For example, i t  
may be des ire d  to  know i f  the p ro p o r t io n  o f v o te rs  in  the s ta te  
who fa v o r a p iece  o f le g is la t io n  is  s ig n i f ic a n t ly  d i f f e r e n t  from  
the p ro p o rt io n  -n̂  who are opposed. Or i t  may be necessary to  
determ ine whether the  p o p u la tio n  p ro p o r t io n  tt̂  o f  p a t ie n ts  re s ­
ponding to  drug A is  d i f f e r e n t  from  the  p o p u la tio n  p ro p o rt io n  tt
o f p a t ie n ts  respond ing  to  drug B. As b e fo re , the  d e c is io n  must be
The q u e s tio n  is  w hether these two sample p ro p o rt io n s  a re  s ig n i f ic a n t ly  
d i f f e r e n t .
I f  the  samples u t i l i z e d  are  la rg e  -  say 50 o r g re a te r  -  then 
i f  the  two p o p u la tio n  p ro p o rt io n s  are  id e n t ic a l ,  the  s tanda rd ized  
d if fe re n c e  o f  the  two co rrespond ing  sample p ro p o rt io n s  is  n o rm a lly  
d is t r ib u te d .  More s p e c i f i c a l ly ,  i f  two samples o f s ize s  n1 and 
n 2  p ro p o rt io n s  = X^/n^ and i f  t h e  c o r r e s p o n d i n g
p o p u la tio n  p ro p o rt io n s  tt̂  and a re  id e n t ic a l ,  then
has, a p p ro x im a te ly , a s tanda rd ized  norm al d is t r ib u t io n  w ith  mean 
zero and standard  d e v ia t io n  one, where
To i l l u s t r a t e  the  procedure fo r  d e te rm in in g  whether two sample 
p ro p o rt io n s  are  s ig n i f ic a n t ly  d i f f e r e n t ,  cons ide r the  fo llo w in g  
problem . A m anu factu re r o f e le c t ro n ic  equipment w ishes to  s u b je c t 
two com peting brands o f t r a n s is to rs  to  an a cce le ra te d  env ironm enta l 
te s t .  Of the  80 t ra n s is to rs  from  the  f i r s t  m anu fac tu re r, 25 fa i le d  
the  te s t ,  whereas o f  the  50 t ra n s is to rs  from  the  second m anu fac tu re r, 
21 fa i le d  the  te s t .  Using th e  le v e l o f s ig n if ic a n c e  a = 0 .05 ,
based upon a com parison  o f  two sample p ro p o r t io n s  P, = and P_ =
^ M2
is  a pooled e s tim a te  o f  the  (assumed) common p ro p o rt io n  ^  •
te s t  whether th e re  is  a d if fe re n c e  between th e  two p rodu c ts . 
In  essence, one must te s t  the  n u l l  h ypo thes is
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a g a in s t the  a l te r n a t iv e  hypo thes is
where ∏1 and ∏2 denote , re s p e c t iv e ly ,  the  tru e  p ro p o rt io n s  o f fa i lu r e s  
f o r  the two brands o f  equipm ent. Thus,
Since Z = 1.247 < Z .025 = 1 . 96, one accepts H0; i . e . ,  he concludes  
th a t th e re  is  no d if fe re n c e  between the  two p rodu c ts .
There are  some ins tan ces  in  which we are in te re s te d  in  d e te rm in ing  
whether i t  is  reasonable to  conclude th a t a p o p u la tio n  p ro p o rt io n  has 
a s p e c if ie d  va lue  ∏. For example, in  acceptance sam pling one is  
concerned w ith  the  p ro p o rt io n  o f d e fe c tiv e s  in  a l o t .  Or in  l i f e  
te s t in g  one is  concerned w ith  the percentage o f c e r ta in  components 
which w i l l  pe rfo rm  s a t is f a c t o r i ly  d u rin g  a s ta te d  p e rio d  o f tim e .
Th is type o f problem can aga in be tre a te d  as a problem  in  hypo thes is  
te s t in g :
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For example, suppose a m ed ica l resea rch  w orker wants to  know whether 
a new muscle re la x a n t w i l l  produce b e n e f ic ia l  r e s u lts  in  a h ig h e r 
p ro p o r t io n  o f p a t ie n ts  s u f fe r in g  from  a n e u ro lo g ic a l d is o rd e r  than 
the  0 .70  re c e iv in g  b e n e f ic ia l  r e s u lts  from  standard  tre a tm e n t. How 
shou ld  he in te r p r e t  an experim ent (a t  the  a = 0 .05 le v e l o f  s i g n i f i ­
cance) i f  156 o f  200 p a t ie n ts  ob ta ined  b e n e f ic ia l r e s u lts  w ith  the 
new re la x a n t?
To answer t h is  q u e s tio n , we te s t  the  hypo the s is
H0: p = TI0 = 0.70
a g a in s t th e  a l te r n a t iv e  hypo the s is
and comparing th e  va lu e  w ith  z.025 = 1 .9 6  Since z = 2.468 > 1 .9 6 , 
one r e je c ts  H0 and concludes th a t  the  new muscle re la x a n t is  more 
b e n e f ic ia l  than the  o ld .
One cou ld  a ls o  o b ta in  a 100 (1 -  a)% con fidence  in te r v a l  fo r  a 
p o p u la tio n  p ro p o r t io n  it, namely,
For example, in  the  muscle re la x a n t problem  ju s t  cons ide red , a 95% 
co n fid ence  in te r v a l  f o r  the  new muscle re la x a n t would be
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Such con fidence  in te r v a ls  on can a ls o  be ob ta ined  g ra p h ic a l ly  from  
s p e c ia l ly  co n s tru c te d  c h a rts  [ 1 4 ] ,  which do no t re q u ire  th a t  n be 
la rg e .
One f i n a l  p o in t  re g a rd in g  p ro p o rt io n s . The magnitude o f the
X
e r ro r  one in c u rs  by us ing  x/n as an e s tim a te  o f tt depends upon n.
For n la rg e  (say 50 o r g re a te r ) , the  maximum e r ro r  which one r is k s  
w ith  a p r o b a b i l i t y  o f  1 -  a is
However, s ince  one does no t know the  va lue  o f ∏  the va lue  o f E 
cannot r e a l ly  be ob ta ined  from  th is  fo rm u la  un less he has some 
approxim ate e s tim a te  o f ∏. In  the  absence o f such an e s tim a te ,
 Xs ince            . C onverse ly , i f  one w ishes the  es tim a te  x/n to  
d i f f e r  from ∏ by no t more than E, w ith  a p r o b a b i l i t y  o f 1 -  a ,  he 
must u t i l i z e  a sample o f s iz e
o r i f  no es tim a te  o f ∏ is  a v a ila b le ,
V. THE PROBLEM OF ESTIMATION AND COMPARISON OF SEVERAL MEANS
A. Introduction
Analysts, researchers, and engineers dealing with real 
world problems are frequently faced with the necessity of 
deciding which means (averages) in a set of means are different 
and which are identical. Thus, in determining whether the mean 
(average) concentration of algae differs for five depth strata, 
one must decide whether all five means in the set of five 
depth strata are identical. If they are not all identical, 
which ones differ—some, or all five? Similarly, in evaluating 
the effectiveness of, say, three different drugs in the treat­
ment of a disease, one wishes to decide whether all three are 
or are not equally effective by comparing the mean response of 
the patients to each drug.
B. Selection of the Model
There are basically two types of models from yhich to 
choose the test: parametric and distribution-free (nonpara- 
metric) . Parametric models require a knowledge of the distri­
bution of the observed values of the relevant variable, whereas 
distribution-free models only require that the distribution of 
the relevant variable be (mathematically) continuous, without 
the necessity of specifying its mathematical form. In many 
cases the parametric model requires that the variable be 
normally distributed, which is  o f t e n  a p p ro x im a te ly  t r u e .
One might well wonder, then, why the distribution-free 
test is not always used, since one would then never run the 
risk of violating assumptions which, when not satisfied, could
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cause wrong conclusions with serious resultant consequences.
The reason is that the distribution-free test is, in statistical 
jargon, less powerful than its parametric counterpart. This 
means, for example, that the differences between means in a 
set of population means must be large in order to be detected 
by a distribution-free F test. Thus, with a distribution-free 
F test, we are more apt to conclude that the mean density of 
algae is the same for n different depth strata, when in fact 
it is not. What this means is that a parametric test should 
be used when the underlying assumptions are not seriously vio­
lated. If there is a serious violation of assumptions, then the 
ideal approach is to apply both the parametric and distribution- 
free tests. If they lead to the same conclusion at the desired 
significance level, then the analyst knows that he has a bona 
fide conclusion at the stated confidence level. If the two 
tests lead to different conclusions, one would abide by the 
conclusion from the distribution-free test, if he felt the 
assumptions of the parametric test were seriously violated.
If he had no indication as to such violations, he would prob­
ably strike a compromise. Thus, if the parametric F test indi­
cated that the algae concentration means were significantly 
different at the 5% level' of significance, but the distribution- 
free F test indicated a significant difference at the 15% level, 
the researcher or analyst would probably conclude that the 
difference was significant at the 10% level. What this means 
is that the researcher would conclude that the true mean algae 
concentrations are not the same for all depth strata; the
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probability that this conclusion is incorrect is, in the com­
promise approach, 0.10. An example along this line will be 
given later.
Basically there is one parametric model for testing 
a set of means: the conventional analysis of variance or F 
test. Actually, the purpose of this model is threefold:
(1) To determine whether treatment differences that are 
of interest exist, and if so, to estimate these 
treatment differences. In this statement both the 
words "treatment" and "difference" are used in a 
rather loose sense; e.g., a treatment difference 
might be the difference between the mean yields of 
any two of five varieties in a plant-breeding 
trial, or the relative toxicity of an unknown to a 
standard poison in a dosage mortality experiment.
One wants such estimates to be efficient. That is, 
roughly speaking, one wants the difference between 
the estimate and the true value to have as small a 
variance as can be attained from the data that are 
being analyzed.
(2) To obtain some idea of the accuracy of our esti­
mates, e.g., by attaching to them confidence limits.
(3) To perform tests of significance with the parametric 
mode]. This consists of carrying out the conventional 
F test (which will be explained later) to test the 
hypothesis that a set of population means all have 
the same value. We should like this test to have
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the property that if one attaches a confidence co­
efficient of 0.05 to the conclusion that the means 
are not all identical, the probaility of getting 
the observed result (F value) or a more discordant 
one (larger F value) when in fact the population 
means are identical, is equal to or less than 0.05.
C. Elements Involved In the Conventional Parametric
Analysis of Variance Model
When using an analysis of variance model, one generally 
recognizes three types of effects:
(1) treatment effects—the effects deliberately intro­
duced by the experimenter—e.g., five strata depths 
at which the algae concentration will be measured.
(2) environmental effects—these are certain features 
of the environment which the analysis enables one 
to measure—e.g., the effect of speed, driver, 
make of car, etc. on gasoline mileage when one is 
determining whether some brands of gasoline are 
superior to others insofar as average mileage is 
concerned.
(3) experimental errors—this term includes all ele­
ments of variation not taken into account in (1) or 
( 2 ) .
D. Underlying Assumptions in Parametric Analysis of
Variance Model
The assumptions required in the analysis of variance 
model in order for the foregoing properties to hold are as
follows:
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1. The numbers in each category are random variables 
which are distributed about the true population 
mean for that category. For example, the algae
concentration values for a given depth stratum are 
random variables which are distributed about the 
true mean for that depth stratum.
2. Additivity. For example, in a two way classification 
involving rows and columns,
m i j  = m + (m.-  m ) + (m . -  m )
where
mi j = element in the ithe row and j column of 
the population
m = mean of the entire population • •
mi = mean of ith row of population
  — —
m . = mean of jth column of population 
•  J
3. Homogeneity of variances. The variance of the items 
is assumed to be the same for each class or category. 
The items are also assumed to be mutually uncorre­
lated.
4. The items in the population are normally distributed 
— or for the most general case, have a multivariate 
normal distribution. In the algae example, the 
concentration values for a given depth stratum are 
assumed to be normally distributed about the mean 
concentration for that depth stratum.
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It has been found that the (conventional) parametric 
analysis of variance model is quite robust with regard to all 
of the above assumptions except that of homogeneity of 
variances. What this means is that primarily one needs to be 
most concerned about the homogeneity of variance assumption— 
the others are relatively less important. Lack of homogeneity 
of variances has a serious effect on the efficiency of the 
test, and will tend to indicate significant differences among 
population category means when there is no difference. The 
analysis of variance is not much affected by a moderate lack 
of normality. The same is true of nonadditivity effects. The 
assumption of mutual independence among the items is important, 
but is usually reasonably well satisfied.
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VI. VARIATIONS IN THE CONVENTIONAL PARAMETRIC ANALYSIS OF 
VARIANCE MODEL
There are many variations in the parametric analysis 
of variance model, all of which are based on the conventional 
parametric F test. Each one has its particular place and 
enables one to reach certain decisions (or in statistical 
vernacular, to test certain hypotheses) with a particular 
degree of efficiency. The basic variations in this model 
will now be illustrated.
A. Completely Randomized Design (One-Way Classification) 
In a completely randomized design, or one-way classi­
fication, a set of sample or treatment means is compared, with 
no attempt to remove the effects of extraneous sources of 
variability. The effects of these extraneous sources are 
randomized over the entire experiment so that it will not bias 
the conclusions. It will, however, inflate the unit of 
measure (namely, the error variance) for detecting differences 
between treatment population means. For example, one may wish 
to test four hull designs of motorboats to determine whether 
one is superior to another insofar as top speed is concerned. 
To make such a determination, suppose that four boats, each 
with a different hull design, were run on a marked course in 
random sequence, and the time required (in minutes) to cover 
the course was observed. The sequence was chosen in a random 
manner so as to "average out" the effects from extraneous 
sources such as condition of the water (e.g., calm, moderate, 




1 2 3 T o ta ls
D esign A 45 46 51 142
D esign B 42 44 50 136
D esign C 36 41 48 125
D esign D 49 47 54 150
172 178 203 553
T ab le  1. S p e c if ic  R e s u lts  in  the  
C om p le te ly  Randomized D esign
The means f o r  des ign s  A, B, C, and D, a re , r e s p e c t iv e ly ,  
4 7 .3 33 , 4 5 .3 3 3 , 4 1 .6 6 7 , and 50. The q u e s tio n  is  w he the r these  fo u r  
samples came from  norm a l p o p u la t io n s  whose means µ i  i  = 1 , 2 , 3, 4 a re  
a l l  id e n t ic a l ,  o r  w he the r some a re  d i f f e r e n t .
To answer t h i s  q u e s t io n , we s e t up th e  s o -c a l le d  n u l l
h y p o th e s is
H0: µ1 =  µ 2  =  µ 3  =  µ4  
to  be te s te d  a g a in s t the  a l t e r n a t iv e  h y p o th e s is
H1 : th e  µ i  a re  n o t a l l  id e n t ic a l .
(The te rm  " n u l l  h y p o th e s is "  m e re ly  means th a t  a h y p o th e s is  is  to  be 
te s te d  f o r  acceptance o r  r e je c t io n . )  The e v a lu a t io n
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is carried out with the usual analysis of variance computa­
tions, which are readily available in text books of experi­
mental design and will not be elaborated upon here.
r = number of rows 
c = number of columns
SST = Total sum of squares
SS(Tr) = Sum of squares for treatments
SSE = Error sum of squares = 264.92 - 110.92 = 154
The results are summarized below in the usual analysis of 
variance format.
Table 2.
Since the computed value F = 1.921 is less than the
critica l value of F = 4.07 for 3 and 8 degrees of free­
dom, one accepts the null hypothesis H0. That is, one concludes 
that the three hull designs are not significantly different 
insofar as their effort on top speed of the boat is concerned.
The probability that one is wrong in this conclusion and that at 
least two of the hull designs are significantly different in their 
effect upon average speed is 0.05.
In the above design, one assumes that the items in the 
ith row come from a normal population with mean µ1 and 




























population element for Design i and Day j is expressible 
in the form
i = 1, 2, 3, 4, j = 1, 2, 3; i.e., as a linear additive
function of the population grand mean m and the population
•  •
h u l l  design mean m1. The Eij are  s tanda rd ized  norm al random v a r ia b le s .
Ninety-five percent confidence limits on the mean 
speed for each hull design are:
where for 8 degrees of
freedom. Specifically
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B. Randomized Block Design—Two-Way Classification
In the example of Table 1, no attempt was made to 
remove the effect of extraneous sources upon boat speed, such 
as the condition of the water (e.g., calm, moderate, chppy).
Now the effect of these water conditions was randomized over 
the experiment (since the sequence of experiments was random­
ized) and did not bias or otherwise invalidate the experiment— 
i t  merely made i t  more d ifficu lt to pick up an actual difference 
among hull designs by inflating the unit of measure for any such 
difference (namely, the SSE or error variance). One can, 
however, deflate the unit of mearusre or error variance by 
removing the effect of extraneous factors by using other designs. 
In particular, the effect of one such factor can be removed by 
using a randomized block design.
To illustrate the removal of an extraneous factor, 
suppose the four hull designs were tested under water conditions 
characterized as calm, moderate, or choppy, and which occurred, 
respectively, on days 1, 2, and 3. Thus, columns 1, 2, and 
3 are now labeled calm, moderate, and choppy.
The additional element in the two-way analysis of 
variance is the removal of the effect of observed differences 
in column (water condition) means upon the unit of measure 
(error variance). In this particular example, i t  is of 
sufficient magnitude to change the conclusion, namely, to 
reach the decision that the population means (speeds for the 
three different hull designs) are significantly different. This 
conclusion was not reached with the completely
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ra n d o m ize d  d e s ig n  because th e  d i f f e r e n c e s  among t re a tm e n t  means 
w ere  masked by th e  e f f e c t  o f  w a te r  c o n d i t io n  d i f fe r e n c e s  on 
th e  e r r o r  v a r ia n c e  (w h ich  was in c r e a s e d ) . The r e s u l t s  a re  
shown in  T a b le  3.
SSC = Sum o f  squ a re s  be tw een (w a te r  c o n d i t io n )  means
SSE = SST -  S S (T r) -  SSC 
= 265 -  111 -  135 = 19
S ource o f  
V a r ia t io n
D egrees o f  
Freedom




C r i t i c a l
V a lu e
F . 05
H u l l  d e s ig n s
W ate r C o n d it io n s  














T o ta l 11 265
T a b le  3. A n a ly s is  o f  V a r ia n c e  Summary
S in c e  F > F.0 5  f o r  b o th  h u l l  d e s ig n s  and d a y s , one 
c o n c lu d e s  t h a t :
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1 . The c o n d i t io n  o f  th e  w a te r  has a s i g n i f i c a n t
e f f e c t  on th e  to p  speed f o r  th e  th r e e  h u l l  d e s ig n s . 
2 . The h u l l  d e s ig n  means (a ve ra ge  b o a t speeds f o r  th e  
h u l l  d e s ig n s ) a re  n o t  a l l  i d e n t i c a l .
In  o th e r  w o rd s , one r e je c t s  th e  a fo re m e n tio n e d  n u l l  h y p o th e s is
in  fa v o r  o f  th e  a l t e r n a t iv e  h y p o th e s is
F o r th e  f a c t o r i a l ,  tw o-w ay t a b le ,  one has th e  f o l lo w -  
ng c o n fid e n c e  l i m i t s  on th e  th re e  means:
where s = 1 .7 8 9 , n = 3, t .0 2 5  = 2 .447  ( f o r  s i x  deg rees o f
freedom ), and t .0 5  s / / n  = 2 . 528. S p e c i f i c a l l y ,
N ote t h a t  th e  w id th s  o f  th e  c o n fid e n c e  in t e r v a ls  a re  con­
s id e r a b ly  s m a lle r  f o r  t h i s  f a c t o r i a l  d e s ig n  th a n  f o r  th e
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randomized block, simply because the effect of the water con­
ditions (days) on the error variance has been removed.
At this point, however, one does not know whether a ll
three hull design means are different, or whether two of the 
three means are identical but different from the third. This 
decision is made on the basis of what is called, in s ta tis ti­
cal jargon, a multiple comparisons test which is discussed in 
the next section.
C. Multiple Comparisons Tests
Once a significant F-test has been obtained, there are 
several methods available to determine which of the means are 
significantly different. One of the more commonly used of such 
tests is the Duncan Multiple Comparisons Test, which w ill be 
applied here.
To apply this test, one proceeds through the following
1. Arrange the four means in order from low to high
2. Enter the analysis of variance table (Table 3) 
and take the error mean square with its  degrees 
of freedom.
3. Obtain the standard error of the mean for each 
treatment
steps
where the error mean square is the one used as 
the denominator in the F test.
4. Enter a Studentized range table (e.g., [1]
Appendix, Table X) of significant ranges at the 
a  level desired (in our problem, a = 0.05), 
using d.f. = degrees of freedom for error mean 
square and p= 2, 3, ..., k, and lis t these k 
ranges (k = number of means; in our problem,
k = 4) .
5. Multiply these ranges by the various to
form a group of k - 1 least significant ranges.
6. Test the observed ranges between means, beginning 
with the largest versus smallest, which is 
compared with the least significant range for
p = K; then test largest versus second smallest 
with the least significant range for p = k - 1; 
and so on. Continue this for second largest versus 
smallest, and so forth, until a ll k(k-l)/2 
possible pairs have been tested. This procedure 
results in various subsets of means, such that 
no two means in the same subset can be declared 
significantly different.
Following the steps given above, one has, for the fore­
going example, the following multiple comparison analysis:
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2. From Table 3, error mean square is 3.2 with six 
degrees of freedom.
3. Standard error of mean is
4. From Appendix Table X[l] , at the 5% level, the 
significant ranges are, for 6 degrees of freedom,
p = 2 3 4
ranges = 3.46 3.59 3.65
5. Multiplying by the standard error 0.894, the 
least significant ranges are
p = 2 3 4
LSR = 3.574 3.708 3.770
6. Largest versus smallest: 1 versus 4 = 8.333 > 3.770
Largest versus next smallest: 1 versus 3 
= 6 > 3.708 ,
Largest versus next largest: 1 versus 2 
= 2.667 < 3.574.
Second largest versus smallest: 2 versus 4 
= 5.666 > 3.708 .
(4) (3) (2) (1)
1. k = 4 means are 41.667 44 47.333 50
for treatments C B A D
Second largest versus next smallest: 2 versus 3 
= 4.333 > 3.574.
Third largest versus smallest: 3 versus 4 
= 2.333 < 3.574.
41.667 44 47.333 50
C____________B_ A____________D_
(4) (3) (2) (1)
Here there is a significant difference between (1) 
and (4), (1) and (3), (2) and (4), and (2) and (3) but not 
between (1) and (2) or (3) and (4). Therefore, either design 
A or d is preferable over C and b insofar as top speed is 
concerned, but A is not significantly different from D, and 
B is not significantly different from C.
D. Latin Square Design
Suppose one wishes to remove the effect of two 
extraneous factors on the treatment means: what experimental 
design can he use? One possible design, which is quite 
efficient, is the Latin square design, which is discussed in 
any basic textbook on experimental design, and is illustrated 
by the following example.
Three experimental fuels are tested to determine i f  
there is any difference in the length of time an engine w ill 
operate on one gallon of the fuel. The number of minutes 
three engines E1, E3, and E3, tuned up by mechanics M1, M2, 
and M3, operated with one gallon of fuel, A, B, or C, is 
observed and the results are recorded. The experimental
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design used is a so-called Latin square in which each fuel 
(A, B, C) occurs once and only once in each row and each 
column of a 3 x 3 Latin square (Figure 1). The experiment 
was replicated three times, in order to obtain a smaller error 
variance (based on more degrees of freedom) which w ill make 
the F test more powerful. An n x n Latin square with no 
replication has only (n - 1)(n - 2) degrees of freedom. Thus, 
a Latin square of order 3, such as the one in this example, 
has only two degrees of freedom, which does not provide a 
very sensitive F test.
Figure 1(a) (b) (c). Three Replications of
a Third Order Latin Square Design.
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T h e  b a s i s  f o r  t h e  a n a l y t i c a l  c o m p u t a t i o n s  a r e  g i v e n  i n  
a n y  b a s i c  e x p e r i m e n t a l  d e s i g n  t e x t b o o k ,  a n d  t h e r e f o r e  w i l l  
n o t  b e  d i s c u s s e d  i n  d e t a i l  h e r e .  C o n c e p t u a l l y ,  t h e  e f f e c t  
o f  d i f f e r e n c e s  i n  r o w  ( m e c h a n ic s )  m e a n s  a n d  c o lu m n  ( e n g i n e )  
m e a n s  o n  t h e  e r r o r  v a r i a n c e  h a s  b e e n  r e m o v e d ,  t h e r e b y  d e c r e a s ­
i n g  t h e  e r r o r  v a r i a n c e  a n d  i n c r e a s i n g  t h e  p o w e r  o f  t h e  F -  
t e s t .  T h e  n e c e s s a r y  c a l c u l a t i o n s  a r e  s h o w n  b e l o w .
 C 
=  T 2 . . .  =  ( 1 8 0  + 1 7 0  +  1 8 6 ) 2  =  ( 5 4 4 ) 2  =  1 0 ,9 6 0 .5 9 2 6
   rn2     3(9)        27
Σ Σ Σ Y2 = 162 + . . .  + 262 + 172 + . . .  +
i  j  k  ijk
( r o w s )  ( c o l s )  ( L a t i n  
l e t t e r s )    
 252 + 152 + . . .  + 282 = 11536
( c )
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SST = Σ Σ Σ Y 2  -  C = 1 1 ,5 3 6  -  1 0 ,9 6 0 .5 9 3  = 5 7 5 .4 0 7  
i  j  k       ijk
SSR = 1  Σn T 2i -  C = 1/9( (1 5 3 ) 2 + ( 2 0 0 ) 2 + (1 9 1 )2 ) r n  i = 1     
-  10,960.593
= 138.296 ( fo r  row e f fe c ts )
( r  = number o f  re p lic a te s )
SSC = 1/rn Σn T 2 j. -  C = 1/9((1 7 4 )2 + (1 8 2 )2 + (1 8 8 )2 )
j = 1  
-  1 0 ,9 6 0 .5 9 3
= 1 0 .9 6 3  ( f o r  c o lu m n  e f f e c t s )
S S (T r)  = SS ( L a t in  l e t t e r s )
= 1/rn  Σn  T2(k) - C
      k = 1
= 1/9[ ( 1 8 1 ) 2 + ( 2 2 2 ) 2 + ( 1 4 1 ) 2 ] -  1 0 ,9 6 0 .5 9 3
= 1 1 ,3 2 5 .1 1 1  -  1 0 ,9 6 0 .5 9 3
= 3 6 4 .5 1 8  ( f o r  t r e a tm e n t ,  i . e . ,  f u e l  e f f e c t s ) .
(T he  f ig u r e  181 i s  th e  sum o f  th e  n in e  v a lu e s  f o r  A : 
16 + 23 + 21 + 17 + 21 + 20 + 15 + 24 + 24 = 1 8 1 .
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S i m i l a r l y ,  2 2 2  i s  t h e  su m  o f  t h e  n i n e  v a l u e s  f o r  B a n d  
1 4 1  t h e  s u m  o f  t h e  n i n e  v a l u e s  f o r  C . )
S S (R e p )  =  1 /n 2   Σ r l= 1  T . . . l  -  C  
= 1/9( ( 1 8 0 )2 + ( 1 7 8 )2 + ( 186 2 ) -  1 0 , 9 6 0 .5 9 3
=  1 0 , 9 6 5 . 4 4 4  -  1 0 , 9 6 0 . 5 9 3  =  4 . 8 5 1  ( f o r  r e p l i c a t e s )
SSE =  S S T  -  S S ( T r )  -  SSR -  SSC -  S S (R e p )
=  5 7 5 . 4 0 7  -  1 3 8 . 2 9 6  -  1 0 , 9 6 3  -  3 6 4 . 5 1 8  -  4 . 8 5 1
=  5 6 . 7 7 9
S o u r c e  o f  
V a r i a t i o n
D e g r e e s
o f
F r e e d o m
Sum  o f  
S q u a r e s
M e a n




F u e l  ( T r e a t ­
m e n t s ,  i .  e .  , 
L a t i n  l e t t e r s )
2 3 6 4 . 5 1 8 1 8 2 . 2 5 9 5 7 . 7 8 7 3 . 5 5 6 . 0 1
M e c h a n ic s  
( R o w s )
2 1 3 8 . 2 9 6 6 9 . 1 4 8 2 1 . 9 2 4
E n g in e s
( C o ls )
2 1 0 . 9 6 3 5 . 4 8 2 1 . 7 3 8
R e p l i c a t i o n 2 4 . 8 5 1 2 . 4 2 5 0 . 7 6 9
E r r o r 1 8 5 6 . 7 7 9 3 . 1 5 4
T o t a l 2 6 5 7 5 . 4 0 7
T a b le  4 .  A n a l y s i s  o f  V a r i a n c e  S u m m a ry  F o r  L a t i n  S q u a r e .
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F rom  an  F t a b le  ( s e e ,  f o r  e x a m p le ,  [ 1  ] ,  T a b le  6 ) ,  
t h e  F v a lu e  f o r  2 a n d  18 d e g re e s  o f  f re e d o m  i s  3 .5 5 .  The 
F.01 v a lu e  f o r  2 a n d  18 d e g re e s  o f  f re e d o m  i s  6 .0 1 .  One c o n ­
c lu d e s ,  t h e r e f o r e ,  t h a t  t h e  f u e l  m eans a r e  s i g n i f i c a n t l y  
d i f f e r e n t  a t  b o th  th e  5% a n d  1% le v e l s  o f  s i g n i f i c a n c e .  How­
e v e r ,  t h e  f u e l  m eans may o r  may n o t  a l l  be  d i f f e r e n t .  To 
r e a c h  a d e c is io n  o n  t h i s  p o i n t ,  t h e  D uncan t e s t  i s
a p p l ie d  c o r r e s p o n d in g  t o  α = .0 1  ( i . e . ,  t h e  1% l e v e l  o f  s i g ­
n i f i c a n c e )  .
s x =  √ M . S . E / n  =  √ 3 . 1 5 4 / 9  
=  1 . 7 7 6 0 / 3  = 0 . 5 9 2 0
c
(3)






2 4 . 6 7
α = 0 . 0 1 p 2 3
q 4.07 4 . 2 5
p 2 3
q 2 . 4 0 9 2 . 5 1 6
L a r g e s t  v s .  s m a l l e s t :  (1 ) v s .  (3 ) = 9 > 2 . 5 1 6  
L a r g e s t  v s .  n e x t  s m a l le s t :  (1 ) v s .  (2 ) = 4 . 5 6  > 2 . 4 0 9  
S e cond  l a r g e s t  v s .  s m a l le s t :  (2 ) v s .  (3 )  = 4 . 3 4  > 2 . 4 0 9
C A B
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O n e  c o n c l u d e s ,  t h e r e f o r e ,  t h a t  a l l  t h r e e  m e a n s  a r e  s i g n i f i ­
c a n t l y  d i f f e r e n t  f r o m  e a c h  o t h e r .
I t  m i g h t  a l s o  b e  p o i n t e d  o u t  t h a t  t h e  " m e c h a n i c s "  
m e a n s  a r e  n o t  a l l  i d e n t i c a l ,  s o  t h a t  i t  w a s  w o r t h w h i l e  t o  
r e m o v e  t h e  e f f e c t s  o f  t h i s  v a r i a b l e  f r o m  t h e  e r r o r  v a r i a n c e .  
S i n c e  o n e  i s  n o t  p a r t i c u l a r l y  i n t e r e s t e d  i n  w h i c h  " m e c h a n ic s  
m e a n s "  a r e  s i g n i f i c a n t l y  d i f f e r e n t  ( o r  w h e t h e r  t h e y  a l l  d i f f e r  
f r o m  e a c h  o t h e r )  t h e  D u n c a n   t e s t  i s  n o t  a p p l i e d .  T h e
" e n g i n e s  m e a n s "  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t ,  s o  t h a t  o n e  
c o u l d  h a v e  u s e d  a  r a n d o m iz e d  b l o c k  d e s i g n  a n d  s t i l l  r e a c h e d  
t h e  c o r r e c t  d e c i s i o n .  I n  o t h e r  w o r d s ,  i n  h i n d s i g h t  o n e  n o w  
k n o w s  t h a t  t h e  e x t r a n e o u s  v a r i a b l e  " e n g i n e s "  d o e s  n o t  a f f e c t  
t h e  r e s u l t s ,  b u t  i t  w a s  n e c e s s a r y  t o  u s e  a  L a t i n  s q u a r e  d e s i g n  
t o  d e t e r m i n e  t h i s  f a c t .
A g a i n ,  c o n c e r n i n g  t h e  a s s u m p t i o n s  o f  n o r m a l i t y  a n d
h o m o g e n e i t y  o f  v a r i a n c e s ,  o n e  a s s u m e s  t h a t  t h e  i t e m s  i n  e a c h
r o w  a n d  i n  e a c h  c o lu m n  h a v e  n o r m a l  d i s t r i b u t i o n s  w i t h  t h e  
2
s a m e  v a r i a n c e  σ 2 . S i m i l a r l y ,  t h e  r e s p o n s e  ( o p e r a t i o n  t im e )
f o r  e a c h  f u e l  ( A ,  B ,  C) h a s  a  n o r m a l  d i s t r i b u t i o n  w i t h  
2
v a r i a n c e  σ 2 . I n  a c t u a l i t y ,  t h e  n u l l  h y p o t h e s i s
H0 : μ1 = μ2 = μ3
w a s  t e s t e d  a g a i n s t  t h e  a l t e r n a t e  h y p o t h e s i s
H 1 : t h e  μ i ,  i  =  1 ,  2 ,  3 a r e  n o t  a l l  i d e n t i c a l ,
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w i t h  t h e  r e s u l t  t h a t  w a s  r e je c t e d  i n  f a v o r  o f  a t  t h e  
1% l e v e l  o f  s i g n i f i c a n c e .
E . G r a e c o - L a t in  S q u a r e s
T h e  u s e  o f  a  L a t i n  s q u a r e  e n a b le s  o n e  t o  re m o v e  t h e  
e f f e c t  o f  tw o  e x t r a n e o u s  v a r ia b le s  ( r o w s  a n d  c o lu m n s )  u p o n  
t h e  e r r o r  m e a n  s q u a r e .  B y  u s in g  a  G r a e c o - L a t in  s q u a r e ,  t h e  
e f f e c t  o f  y e t  a n o t h e r  e x t r a n e o u s  v a r i a b le  o n  t h e  e r r o r  v a r ia n c e  
c a n  b e  r e m o v e d . T h e  m e th o d  b y  w h ic h  t h i s  i s  d o n e  w i l l  n o w  b e  
i l l u s t r a t e d  b y  a n  e x a m p le .  A  d is c u s s io n  o f  t h e  G r a e c o - L a t in  
s q u a r e  c a n  b e  f o u n d  i n  a n y  s t a n d a r d  t e x t  o n  e x p e r im e n t a l  
d e s ig n .  I t  w i l l  m e r e ly  b e  p o in t e d  o u t  h e r e  t h a t  i n  a  G r a e c o -  
L a t i n  s q u a r e ,  e a c h  L a t i n - l e t t e r  ( t r e a t m e n t )  o c c u r s  o n c e  a n d  
o n ly  o n c e  i n  e a c h  ro w  a n d  i n  e a c h  c o lu m n ;  e a c h  G re e k  l e t t e r  
o c c u r s  o n c e  a n d  o n ly  o n c e  i n  e a c h  ro w  a n d  i n  e a c h  c o lu m n ;  a n d  
e a c h  G re e k  l e t t e r  o c c u r s  i n  c o m b in a t io n  w i t h  e a c h  L a t i n  l e t t e r  
o n c e  a n d  o n ly  o n c e .  T h e  o n ly  a d d i t i o n a l  c a l c u l a t i o n  ( b e y o n d  
th o s e  f o r  t h e  L a t i n  s q u a r e )  i s  f o r  t h e  su m  o f  s q u a r e s  b e tw e e n  
" G r e e k  l e t t e r  m e a n s " .
C o n s id e r ,  t h e n ,  t h e  f o l l o w in g  e x a m p le  o f  t h e  a p p l i ­
c a t i o n  o f  a  G r a e c o - L a t in  s q u a r e .  A  p r o c e s s o r  o f  b r e a k f a s t  
fo o d s  w is h e s  t o  s t u d y  t h e  e f f e c t i v e n e s s  o f  d i f f e r e n t  k in d s  o f  
p a c k a g in g  u p o n  s c a le s .  H e u s e d  a  f i f t h  o r d e r  (n  =  5 ) G r a e c o -  
L a t i n  s q u a r e  d e s ig n ,  w i t h  t h e  r e s u l t s  s h o w n  i n  T a b le  5 ,  w h e re  
α , β ,  γ , δ , a n d  ε  r e p r e s e n t  ( i n  i n c r e a s in g  o r d e r  o f  m a g n itu d e )  
t h e  a m o u n t o f  m o n e y  s p e n t  o n  n e w s p a p e r  a d s  f o r  t h e  p r o d u c t  o n  
t h e  d a y  b e f o r e  t h e  e x p e r im e n t ,  a n d  t h e  ro w s  r e p r e s e n t  
d i f f e r e n t  l o c a t i o n s  w i t h i n  i d e n t i c a l l y  d e s ig n e d  s u p e r m a r k e ts ,
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w h ich  a re  re p re s e n te d  in  tu r n  by th e  f i v e  co lum ns. The 
f ig u r e s  a re  th e  number o f  s a le s  o f  b r e a k fa s t  fo o d  fro m  9 
A.M. to  11 A.M .
T a b le  5. G ra e c o -L a t in  Square
L a t in
Rows
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Square F F0.01 (4,8)
(Latin) Treatments 
(kinds of 
packaging) 4 4.64 1.16 0.72 7.01
(Rows) Locations 4 640.64 160.16 99.5** 7.01
(Columns) Supermarkets 4 1.84 0.46 0.28 7.01
(Greek) Money spent on 
advertising 4 112.64 28.16 17.5** 7.01
Error 8 12.88 1.61
Total 24 572.64
Table 6. Analysis of Variance for Graeco-Latin Square
One concludes that the amount of money spent on advertising is 
significant at the 1% level, as is the location within identi­
cally designed supermarkets. The differences between identi­
cally designed supermarkets is not significant; neither are 
the differences in packaging.
F. Factorial Designs
In the previous sections, one was primarily concerned 
with the effects of one variable, whose values were referred to
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as "treatments". Extraneous values were accommodated by means 
of blocks, replicates, or the rows and columns of Latin and 
Graeco-Latin square designs, so that the effects of such ex­
traneous variables on the error variance were removed. This 
section, however, w ill deal with the individual and joint 
effects of several variables, and combinations of the values, 
or levels, of these variables w ill play the roles of the 
different treatments. Extraneous variables, i f  any, w ill be 
handled as before; i.e ., their effect on the error variance 
w ill be removed by randomization , replication, etc.
The additional element of interest in a factorial 
design is the interaction between the various factors. For 
example, in a simple two-factor (two-variable) experiment, 
i t  might be desired to determine the effects of the flue 
temperature and oven width on the time required to make coke. 
There may, however, be an interaction between oven-width and 
flue temperature, and the result for one combination, say 
T1W2, may be different than that for another combination 
T2W3. In a factorial design, i t  is possible to determine, 
at a stated significance level α i f  such interactions exist.
I t  should be pointed out that the two factors whose 
interaction is of interest here are "design variables" that 
are "built in" to the experimental design structure, rather 
than extraneous variables such as mild, moderate, or choppy 
water conditions in the hull design problem. Of course, 
factorial designs could also be used to determine whether 
there are interactions between extraneous variables, but this 
is not usually necessary. Usually the F-test is sufficiently
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powerful when the effect of differences in factor (row, column, 
Latin letter) means is removed from the error variance, without 
removing the effect of interaction.
Of course, higher order factorial designs permit the 
analysis of higher order interactions. For example, a three- 
factor factorial with replication permits one to test the sig­
nificance of two-factor and three factor interactions. Usually, 
however, one is not concerned—from a practical standpoint— 
with interactions beyond three-factor interactions; and in the 
great majority of real-world problems, one is primarily interest­
ed in one-factor (main effects) and two-factor interactions.
1. Two-Factor Factorial Design
To illustrate the analysis of a two-factor factori­
al design, consider a specific example.* Suppose i t  is desired 
to learn the effects of two kinds of soil treatments on the 
yield of wheat. One kind of soil treatment is chemical, while 
the other is a "humus and fertilizer" type of treatment. There 
are four variations (levels) of chemical treatments: None,
N + 0 (nitrogen plus oxygen), CO2  gas, and carbonic acid.
There are also four variations (levels) in the humus and fer­
tilize r treatments: None, straw, straw + PO4, straw + PO4 + 
lime. Thus, one has a two-factor factorial design in which 
each factor consists of four levels. I t  is desired to deter­
mine whether:
(1) the chemical treatment means are significantly 
different
(2) the humus and fertilizer treatment means are 
significantly different
*See Ref. [15], p. 276.
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(3) whether there is interaction between chemical 
treatment and humus and fertilizer treatment.
The effects of chemical levels or humus and fertilizer levels
are called "main effects"; i.e ., main effect for chemicals
and main effects for fertilizer. The interaction between the
two factors (chemical and fertilizer) is called a two-factor
interaction or a first-order interaction.
This was a greenhouse experiment involving three repli­
cations. That is, three pots of wheat were treated with the 
same combination of chemical and fertilizer levels. For ex­
ample, “soil plus straw" with "carbon dioxide gas" was laid 
down in three pots. To eliminate the possibility that position 
might affect the pots differentially, the 48 pots were placed 
at random in the greenhouse. This randomization element is an 
important precaution. I f  one places together three pots con­
taining one combination of treatments, and in a second place 
those with another combination, the effects of position and 
treatment w ill be confounded (mixed or intertwined) and the 
three pots may be worth no more than a single determination.
The results of the experiment are shown below in 
Table 7. The formulas used to determine the various sums of 
squares are derived in any basic text on the design of experi­
ments, and w ill not be derived here.
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SST = (21.4)2 + (21.2)2 + (20.1)2 + (12.0)2 + ... + (14.0)2 
= 367.15
SS (HC) = Interaction Sum of Squares
= 340.87 - (306.24 - 9.17) = 25.46
SSE = 367.15 - 340.87 = 26.28
From the results summarized in Table 7a, one notes that the 
difference in humus treatment means, chemical treatment means, 
and interaction means are significant at the 5% level of signi­
ficance* under the aforementioned assumptions upon which the 
F test is based. The most critical of these assumptions, the 
homogeneity or equality of variances, w ill now be subjected 
to an appropriate test.
*Actually, the humus and interaction treatment means are 
significant at the 1% level also.
Table 7.
YIELD OF WHEAT IN 48 POTS. GREENHOUSE EXPERIMENT WITH TWO SERIES OF SOIL















































Sum 38.3 38.5 38.7 41.2 156.7 13.1















Sum 38.8 43.4 38.9 39.1 160.2 13.4

















Sum 40.3 42.6 41.1 40.6 164.6 13.7
Sum, 12 pots 180.1 185.5 173.5 172.6 711.7
Yield per pot 15.0 15.5 14.5 14.4
66
S o u rc e  o f  




Sum o f  
S q u a re s
Mean
S q u a re
F F .0 5 F . 0 1
Humus T re a tm e n ts 3 3 0 6 . 2 4 1 0 2 . 0 8 1 2 4 . 4 9 * * 2 . 9 0 4 . 4 7
C h e m ic a l T re a tm e n ts 3 9 . 1 7 3 . 0 6 3 . 7 3 * 2 . 9 0 4 . 4 7
I n t e r a c t i o n 9 2 5 . 4 6 2 . 8 3 3 . 4 5 2 * * 2 .1 9 3 . 0 3
E r r o r 32 2 6 . 2 8 0 . 8 2
T o t a l 47 3 6 7 . 1 5
T a b le  7 a .
A n a ly s is  o f  V a r ia n c e  F o r  A T w o -F a c to r  F a c t o r i a l  D e s ig n
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2. T e s t F o r Hom ogeneity o f  V a ria nce s
One o f  th e  assum ptions— in  f a c t ,  by f a r  th e  most im p o r ta n t one -  
u n d e r ly in g  th e  p a ra m e tr ic  (c o n v e n t io n a l)  a n a ly s is  o f  v a r ia n c e  model 
i s  th a t  o f  hom ogeneity o f  v a r ia n c e  -  i . e . ,  t h a t  th e  d is t r ib u t io n s  o f
th e  ite m s in  a l l  c la s s e s  (ro w s , co lum ns, in t e r a c t io n  c e l l s ,  e t c . )
2
a re  norm a l d is t r ib u t io n s  w ith  id e n t ic a l  v a r ia n c e s  σ2. There a re  
s e v e ra l te s ts  f o r  ch eck ing  t h is  assum ption ; e . g . ,  te s ts  by H a r t le y ,  
Cochran, and B a r t l e t t .  B a r t l e t t ' s  t e s t  has th e  advantage th a t  i t  
does n o t re q u ire  th e  sample s iz e  nj  in  each o f  th e  tre a tm e n t c la s s e s  
to  be th e  same, b u t i t  i s  more com plex than  H a r t le y 's  o r  C och ran 's  
te s ts  and does re q u ire  th a t  no nj  be s m a lle r  tha n  3 and p re fe ra b ly  
n o t s m a lle r  than  5 . C och ran 's  t e s t  i s  somewhat s tro n g e r  (more 
s e n s i t iv e  tha n  H a r t le y 's ) ,  and w i l l  be used in  th e  p re s e n t a n a ly s is .
The re q u ire m e n t i n  C och ran 's  t e s t  th a t  th e  nj  be equa l i s  n o t r e a l l y  
a s e r io u s  l im i t a t io n ,  s in c e  in  most a n a ly s is  o f  v a r ia n c e  problem s 
the  nj  v a lu e s  a re  th e  same. In  th e  even t th a t  th e y  a re  n o t th e  same, 
B a r t l e t t ' s  t e s t  (w h ich  i s  r e a d i ly  a v a i la b le  [3 , p . 95] can be used.
I t  w i l l  now be shown th a t  th e  row v a r ia n c e s  a re  s ig n i f i c a n t ly  
d i f f e r e n t  a t  th e  α = 0 .05  le v e l ,  w h ich  i s  s u f f i c i e n t  to  ( t h e o r e t ic a l ly )  
in v a l id a te  the  c o n v e n tio n a l a n a ly s is  o f  v a r ia n c e  (F) t e s t ,  s in c e  th e  
l a t t e r  assumes th a t  th e  v a r ia n c e s  a re  id e n t ic a l  f o r  a l l  c la s s e s . The 
a p p lic a t io n  o f  C och ran 's  C te s t  to  th e  row v a r ia n c e s  i s  b a s ic a l ly  
v e ry  s im p le . S p e c i f ic a l ly ,  one e v a lu a te s  th e  r a t io  o f  th e  la rg e s t  
o f  th e  row v a r ia n c e s  to  th e  sum o f  th e  row v a r ia n c e s :
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F or T ab le  7
X1 = 230.2/12 -  19.2 s21 = 2.87
X2 = 156.7/12 = 13.1 s 2 = 0.72
X3 = 160.2/12 = 13.4 s23 = 0.75
X4 = 164.6/12 = 13.7 s24 = 0.63 
la r g e s t  v a r ia n c e  s21 = 2.87
Thus,
= 0 .5 8 .
S ince  th e  c r i t i c a l  v a lu e  o f  C [3 , T ab le  B .8 , p . 654] f o r  k  = 4 
v a r ia n c e s  and n -1  = 12-1  = 11 degrees o f  freedom  f o r  each o f  the  row 
v a r ia n c e s  i s  C* = 0 .4 8 3 1 , one conc ludes a t  th e  α = 0 .05  le v e l  th a t  
th e  row v a r ia n c e s  a re  n o t a l l  id e n t ic a l .  T h is  b e in g  th e  case, one would 
tend  to  r e ly  on th e  d is t r ib u t io n - f r e e  a n a ly s is  o f  v a r ia n c e  t e s t  r a th e r  
than  th e  c o n v e n tio n a l a n a ly s is  o f  v a r ia n c e  (F ) t e s t .  However, i n  t h i s  
exam ple, b o th  methods (see S e c tio n  V I I )  in d ic a te  th a t  th e  row (humus- 
f e r t i l i z e r )  means and column (c h e m ic a l) means a re  s ig n i f i c a n t ly  
d i f f e r e n t  a t  th e  0.1% le v e l  o f  s ig n i f ic a n c e ,  so th a t  one w ou ld  n o t 
q u e s tio n  these  c o n c lu s io n s . However, as can a ls o  be seen from  the  
r e s u l t s  o f  S e c tio n  V I I ,  th e  two methods do n o t le a d  to  th e  same 
c o n c lu s io n  r e la t i v e  to  th e  two fa c to r  in t e r a c t io n  RC. In  t h i s  case, 
one w ou ld  ten d  to  r e ly  on th e  d is t r ib u t io n - f r e e  a n a ly s is  (see S e c tio n  V I I ) , 
w h ich  in d ic a te s  t h a t  th e  tw o - fa c to r  in t e r a c t io n  is  s ig n i f i c a n t  a t  about 
th e  α = 0 .15  le v e l .
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3 .  T h re e -F a c to r F a c to r ia l  D esign
F re q u e n tly  one e nco u n te rs  r e a l  w o r ld  p rob lem s whose a n a ly s is  
re q u ire s  th e  use o f  f a c t o r i a l  d es ign s  w i th  more th a n  two fa c to r s .
W h ile  th e  a n a ly s is  o f  f a c t o r i a l  d e s ig n s  w ith  more tha n  th re e  fa c to r s  
i s  in  g e n e ra l q u i te  com plex (u n le s s  each fa c to r  in v o lv e s  o n ly  two l e v e ls ) , 
th e  im p le m e n ta tio n  o f  th e  a n a ly s is  i n  th e  g e n e ra l m u l t i f a c to r  case 
can be deduced fro m  a d is c u s s io n  o f  th e  th r e e - fa c to r  f a c t o r i a l  
d e s ig n , w h ich  i s  th e  s u b je c t  o f  t h i s  s e c t io n .
To i l l u s t r a t e  th e  a n a ly s is  o f  a m u l t i f a c to r  f a c t o r i a l  d e s ig n , 
c o n s id e r th e  fo l lo w in g  p rob lem . To s tu d y  th e  pe rfo rm ance  o f  th re e  
d e te rg e n ts  a t  d i f f e r e n t  te m p e ra tu re s , a la b o ra to ry  te c h n ic ia n  p e r­
form ed a 2 x  2 x  3 * f a c t o r i a l  expe rim en t w i th  th re e  r e p l ic a te s .  The 
r e s u l t s  a re  shown b e lo w ; th e  e n t r ie s  a re  "w h ite n e s s "  re a d in g s  ob­
ta in e d  w ith  s p e c ia l ly  des igned equ ipm ent. A na lyze  th e  d a ta  to  
d e te rm ine  w h e th e r:
a . The w h ite ne ss  e f f e c t  d i f f e r s  among th e  th re e  d e te rg e n ts , 
when th e  e f fe c ts  o f  w ash ing  tim e  and w a te r tem pe ra tu re  have 
been removed.
b . The w h ite ne ss  e f f e c t  d i f f e r s  f o r  th e  v a r io u s  w ash ing t im e s , 
when th e  e f fe c ts  o f  d e te rg e n t and w a te r te m p e ra tu re  have 
been removed.
c . The w h ite ne ss  e f f e c t  d i f f e r s  f o r  th e  v a r io u s  w a te r te m p e ra tu re s , 
when th e  e f fe c ts  o f  d e te rg e n ts  and w ash ing tim e  have been 
removed.
*T h is  means th a t  f a c to r  A in v o lv e s  2 le v e ls ;  fa c to r  B, 2 le v e ls ;  and 
fa c to r  C, th re e  le v e ls .
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d. An in t e r a c t io n  e x is ts  between d e te rg e n t and w ash ing  t im e , 
d e te rg e n t and w a te r  te m p e ra tu re , o r  w ash ing tim e  and te m p e ra tu re .
e . A th r e e - fa c to r  in t e r a c t io n  e x is ts .
F i r s t  one needs to  a p p ly  th e  Cochran C t e s t  (o r  a s im i la r  te s t )  
to  check th e  assum ption  th a t  th e  v a r ia n c e s  w i t h in  th e  v a r io u s  c la s s e s  
a re  id e n t ic a l .  Thus, one must d e te rm ine  w he the r th e  th re e  v a r ia n c e s  
co rre s p o n d in g  to  th e  th re e  c la s s e s  A1 , A2, A3 a re  s ig n i f i c a n t ly  
d i f f e r e n t .  These v a r ia n c e s  a re  o b ta in e d  from  samples o f  s iz e  12, i . e . ,  
th e  12 e n t r ie s  in  T a b le  8 co rre s p o n d in g  to  A1 , th e  12 e n t r ie s  c o r ­
re sp on d ing  to  A2 , and th e  12 co rre s p o n d in g  to  A3 . L ik e w is e , th e  
v a r ia n c e s  co rre s p o n d in g  to  th e  two c la s s e s  B1  and B2 must be compared 
to  see i f  th e y  a re  s ig n i f i c a n t l y  d i f f e r e n t .  T h is  e n ta i ls  com paring 
th e  v a r ia n c e s  o f  two random samples o f  s iz e s  18. The v a r ia n c e s  
f o r  C1 and C2 must be s im i la r ly  compared, each v a r ia n c e  a g a in  b e in g  
based upon 18 o b s e rv a tio n s . F o r th e  in te r a c t io n  AB, one must compare 
s ix  v a r ia n c e s  (T a b le  8 a )  each based on s ix  o b s e rv a tio n s . For th e  
in te r a c t io n s  AC and BC, re s p e c t iv e ly ,  one must compare s ix  v a r ia n c e s  
each based on s ix  o b s e rv a tio n s  and fo u r  v a r ia n c e s  based on n in e  
o b s e rv a tio n s . F in a l ly ,  to  d e te rm ine  w he the r th e  hom ogeneity o f  
v a r ia n c e  c o n d it io n  is  s a t is f ie d  r e la t iv e  to  th e  th r e e - fa c to r  i n t e r ­
a c t io n  ABC, one compares th e  tw e lv e  v a r ia n c e s  o b ta in e d  from  the  
tw e lv e  rows in  T a b le  8 . S ince  an example i l l u s t r a t i n g  t h is  t e s t  as 
a p p lie d  to  row v a r ia n c e s  i s  c a r r ie d  o u t in  s e c t io n  G, no c a lc u la t io n s  
w i l l  be p re sen ted  h e re . I t  w i l l  m e re ly  be s ta te d  th a t  th e  hom ogeneity 
o f  v a r ia n c e  assum ption  is  s a t is f ie d  f o r  a l l  m ain e f fe c ts  and in te r a c t io n s  
a t  th e  α = 0 .0 5  le v e l .
One can now proceed w ith  th e  re g u la r  a n a ly s is .  F i r s t ,  the
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p re l im in a ry  c a lc u la t io n s  shown be low  a re  c a r r ie d  o u t.  The u s u a l 
n o ta t io n  is  employed.
A







Rep. 1 Rep. 2 Rep. 3 T o ta l
A1 10 h o t 76 72 73 221
A1 10 warm 51 48 50 149
A1 20 h o t 77 74 79 230
A1 20 warm 61 62 62 185
A2 10 h o t 63 62 60 185
10 warm 45 48 43 136
A2 20 h o t 63 64 59 186
A2 20 warm 55 53 58 166
a 3 10 h o t 64 60 63 187
A3
10 warm 47 42 49 138
A3 20 h o t 65 66 62 193
a 3 20 warm 56 54 54 164
T o ta l 723 705 712 2,140
T ab le  8 . Data f o r  th e  A n a ly s is  o f  D e te rg e n ts , Washing Tim e, and 
W ater Tem perature .
T . . .  = 76 +  51 +  . . .  +  62 +  54 = 2 ,140 
C = T . . . 2/N  = (2 ,1 4 0 )2/36  -  127 ,211 .11  
SST = (7 6 )2 + (5 1 )2 +  . . .  +  (5 4 )2 -  127 ,211 .11  = 3,305 
SS(Rep) = 1 /12  (7 2 3 )2 +  (7 0 5 )2 +  (7 1 2 )2 -  127 ,211 .11  = 13.72 
SS(Tr, A , B, C) = 1 /3  (2 2 1 )2 + (1 4 9 )2 +  . . . +  (1 6 4 )2 -  127 ,211 .11  
= 3188.22
SSE = SST -  SS(Tr, A, B, C) -  SSR
= 3305 -  3188.22 -  13.72 = 103.06 (1 )
The q u a n t i ty  T . . .  denotes th e  sum o f  a l l  th e  w h ite ne ss  e n t r ie s  in  
Table  8, w h ile  C i s  a s o -c a lle d  c o r re c t io n  fa c to r  used th ro u g h o u t 
th e  a n a ly s is .  The symbol SST r e fe r s  to  a sum o f  squares f o r  th e  
e n t i r e  ta b le  w h ich  i s  b roken  down in t o  i t s  v a r io u s  component sums 
a cco rd in g  to  th e  Fundamental Theorem o f  A n a ly s is  o f  V a r ia n c e , nam ely,
SST = S S (T r, A , B, C) +  SS(Rep) +  SSE
= (T rea tm en t Sum o f  Squares) + (R e p lic a t io n  Sum o f  
Squares) +  (E r r o r  Sum o f  Squares)
The most im p o r ta n t e lem ent in  t h i s  sum is  SSE, w h ich  i s  th e
denom ina to r o f  each F t e s t  y e t  to  be p e rfo rm ed . The te rm  SS(Rep)
removes th e  e f f e c t s  o f  d i f fe re n c e s  in  th e  r e p l ic a te s ,  w h ile
S S (T r, A, B, C) = SSA + SSB +  SSC + SS(AB) +  SS(AC) +  SS(BC) +
SS(ABC) (2 )
That i s ,  S S (T r, A , B, C) c o n s is ts  o f  th e  combined sums o f  squares
f o r  a l l  m ain e f f e c t s  and in te r a c t io n s .  These sums o f  squares w i l l
now be de te rm ine d .
T ab les  8 a and th e  c a lc u la t io n s  fo l lo w in g  c o n s t i tu te  th e  b a s is  
f o r  th e  a n a ly s is  o f  th e  m ain e f f e c t s  A, B and th e  in t e r a c t io n  AB. 
S im i la r ly ,  th e  b a s is  f o r  a n a ly z in g  C and AC is  T ab le  8b and the  
subsequent c a lc u la t io n s .  The re m a in in g  tw o - fa c to r  in t e r a c t io n ,  AB, 
re q u ire s  th e  c a lc u la t io n s  fo l lo w in g  T a b le  8c. F in a l ly  th e  q u a n t i ty  
SS(ABC) can now be de te rm ined  fro m  e q u a tio n  ( 2 ) .
The d a ta  n ecessa ry  f o r  c a r ry in g  o u t th e  r e q u is i te  F te s ts  a re  
shown in  T ab le  9 . The ta b le  s im p ly  c o n v e rts  th e  v a r io u s  sums o f  
squares in t o  th e  v a r ia n c e s  (Mean Square V a lues) re q u ire d  by th e  
re le v a n t  F te s t s .  Each v a r ia n c e  o r  mean square  v a lu e  i s  r e a d i ly  
de te rm ined  by d iv id in g  th e  c o rre s p o n d in g  sum o f  squares by th e  p ro p e r 
degrees o f  freedom . The degrees o f  freedom  v a lu e  f o r  a m ain e f f e c t  
i s  one le s s  tha n  th e  number o f  le v e ls  f o r  th a t  e f f e c t ,  whereas th e  
number o f  degrees o f  freedom  f o r  an in te r a c t io n  is  th e  p ro d u c t o f  th e  
degrees o f  freedom  f o r  each component o r  f a c to r  e n te r in g  in t o  th e  
in t e r a c t io n .  A ls o , th e  mean square  f o r  r e p l ic a te s  i s  one le s s  than  





B1 = 10 B2 = 20
A1 370 415 785




T ab le  8 a . Data F o r A n a ly s is  o f  AB In te r a c t io n  
S S (T r, A , B) = 1 /6  ((370 )2 +  (3 2 1 )2 +  . . .  +  (3 5 7 )2) -  127 ,211 .11  
= 979.56
SSA = 1 /12  ( (7 8 5 )2 +  (6 7 3 )2 +  (6 8 2 )2) -  127 ,211 .11  
= 645.39
SSB -  1 /1 8  ((1 0 1 6 )2 +  (1 1 2 4 )2 ) -  127 ,211 .11  
= 324.00
SS(AB) = S S (T r, A, B) -  SSA -  SSB 




A1 451 334 785
A A2 371 302 673
A3 380 302 682
1202 938 2140
Tab le  8 b . Data F o r A n a ly s is  o f  AC In te r a c t io n
S S(Tr, A, C) -  1 /6  ( (4 5 1 )2 '+ (3 7 1 )2 +  . . .  +  (3 0 2 )2 ) -  127 ,211 .11
SSA = 645.39
SSC = 1 /12  ((1 2 0 2 )2 +  (9 3 8 )2 ) -  127 ,211 .11
-  1936.00
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SS(AC) -  SS(Tr, A, C) -  SSA -  SSC 




B B1 593 423 1016
B2 609 515 1124
1202 938 2140
T a b le  8c . Data f o r  A n a ly s is  o f  BC In te r a c t io n
SS(Tr, B, C) = 1 /9  ((593)2 + (609 )2 + (423)2 + (515)2) -  127,211.11 
-  2420.45
SSB = 324 
SSC = 1936
SS(BC) = SS(Tr, B, C) -  SSB -  SSC 
= 160.45
SS(ABC) = SS(Tr, A, B, C) -  SSA -  SSB -  SSC -  SS(AB) -  SS(AC) -  SS(BC) 
= 3.71
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Source o f  




Sum o f  
Squares
Mean
Square F F .05 F. 01
R e p lic a te s 2 13.72 6 .86 1 .47 3.44 5 .72
Main E f fe c ts
A 2 645.39 327.70 6 8 .9 0 * * 3 .44 5 .72
B 1 324.00 324.00 6 9 .2 3 * * 4 .30 7 .95
C 1 1936.00 1936.00 4 1 3 .7 0 ** 4 .30 7.95
Two F a c to r 
In te ra c t io n s
AB 2 10.17 5 .08 1.09 3.44 5 .72
AC 2 108.5 54.25 1 1 .5 9 ** 3.44 5 .72
BC 1 160.45 160.45 3 4 .2 8 ** 4 .30 7.45
Three F a c to r 
In te r a c t io n
ABC 2 3.71 1.85 0 .39 3.44 5 .72
E r ro r 22 103.06 4 .68
T o ta l 35 3305
T ab le  9 .  Summary o f  A n a ly s is  o f  V a ria nce  Data
( A l l  m ain e f fe c ts  as w e l l  as th e  AC and BC in te r a c t io n s  a re  s i g n i f i ­
c a n t a t  th e  α = 0 .0 1  le v e l .  R e s u lts  w h ich  a re  s ig n i f ic a n t  a t  the  
α = 0 .0 1  le v e l  a re  in d ic a te d  by a doub le  a s te r is k ;  those  s ig n i f ic a n t  
a t  th e  α = 0 .05  le v e l ,  by a s in g le  a s te r is k . )
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t o t a l  e f f e c t  i s  N -  1 = 36 -  1 = 35, from  w hich  i t  fo l lo w s  th a t  the  
degrees o f  freedom  f o r  th e  " e r r o r "  o r  random e f f e c t  i s  35 - 2 - 2 - 1 - 1  
- 2 - 2 - 1 - 2 = 22.  T h is  l a t t e r  f a c t  fo l lo w s  fro m  th e  f a c t  th a t  th e  
e f fe c ts  a re  " a d d i t i v e , "  as a re  a ls o  t h e i r  degrees o f  freedom .
To d e te rm ine  th e  s ig n if ic a n c e  o f  any e le m en t, one e v a lu a te s  th e  F 
r a t i o  o b ta in e d  by d iv id in g  th e  mean square  f o r  th e  e lem ent by th e  e r r o r  
mean square  (MSE: in  t h is  case, MSE = 4 .6 8 ) .  I f  th e  r a t io  so computed 
is  g re a te r  tha n  th e  p ro p e r e n try  in  th e  F ta b le ,  th e  e lem ent is  
s ig n i f ic a n t .  Any such e lem ent i s ,  o f  c o u rse , a m ain e f f e c t ,  in t e r a c t io n ,  
o r  r e p l ic a te .
Thus, to  t e s t  th e  m ain e f f e c t  A, one n o te s  th a t
(3)
S ince  FA > F. 0 1  where F.0 1  is  th e  e n try  in  th e  F - ta b le  found in  
th e  c e l l  de te rm ined  by th e  column headed 2 and th e  row headed 22, th e  
m ain e f f e c t  A is  s ig n i f ic a n t  a t  th e  1% le v e l .  The column head ing  is  
a lways e qua l to  th e  degrees o f  freedom  a s s o c ia te d  w ith  th e  v a r ia n c e  in  
th e  n um era to r o f  th e  F r a t io  -  i . e . ,  th e  v a r ia n c e  b e in g  te s te d .  The 
row head ing  co rresponds to  th e  v a r ia n c e  in  th e  denom ina to r o f  th e  F 
r a t i o ,  nam ely, th e  " e r r o r "  o r random v a r ia n c e .
The F t e s t  is  based on a com parison o f  th e  r a t io  o f  th e  v a r ia n c e  
between c la s s  means to  a s t r i c t l y  random ( e r r o r )  v a r ia n c e . I f  th e  r a t io  
i s  s ig n i f i c a n t l y  la r g e r  tha n  one, i t  is  because th e  v a r ia n c e  between c la s s  
means is  s ig n i f i c a n t l y  la r g e r  than  th e  random v a r ia n c e  in  th e  
d en o m in a to r. T h is  w i l l  be so o n ly  when th e  c la s s  means a re  n o t a l l  
id e n t ic a l ,  s in c e  then  th e  v a r ia n c e  between c la s s  means c o n ta in s  
n o t o n ly  a random v a r ia n c e  component b u t a ls o  a v a r ia n c e  component 
due to  th e  s e p a ra t io n  o f  th e  c la s s  means. A c la s s  mean
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c o u ld , o f  co u rs e , be a "m ain  e f f e c t "  mean ( e . g . ,  a column mean) o r  
an in te r a c t io n  mean.
C le a r ly ,  fro m  an e xa m in a tio n  o f  th e  r e s u l t s  in  T ab le  9 , one 
conc ludes th a t  th e  tw o - fa c to r  in te r a c t io n  AB and th e  th r e e - fa c to r  
in te r a c t io n  ABC a re  n o t s ig n i f ic a n t  a t  th e  5% le v e l  b u t th a t  a l l  th e  
m ain e f fe c ts  and th e  in te r a c t io n s  AC and BC a re  h ig h ly  s ig n i f ic a n t  
( i . e . ,  a t  b e t t e r  than  th e  0.1% le v e l ) .  I n  la ym a n 's  language , i t  
means th a t  th e  d e te rg e n ts  d i f f e r  in  th e  degree o f  w h ite n e ss  w h ich  
th e y  im p a rt to  c lo th in g .  F u rth e rm o re , th e  degree o f  w h ite ne ss  
im p a rte d  on th e  average by these  d e te rg e n ts  depends upon what tem­
p e ra tu re  o f  w a te r i s  used. I t  a ls o  depends upon th e  w ash ing  tim e  
u t i l i z e d .  F u rth e rm o re , th e  average degree o f  w h ite n e s s , averaged 
o ve r a l l  d e te rg e n ts  f o r  a g ive n  co m b in a tio n  (BC) o f  w ash ing  tim e  
and w a te r te m p e ra tu re , v a r ie s  o ve r th e  d i f f e r e n t  co m b ina tio ns  o f  
B and C.
F in a l ly ,  th e  q u e s tio n  rem ains as to  w he th e r a l l  th re e  d e te rg e n ts  
a re  s ig n i f i c a n t l y  d i f f e r e n t .  The m u lt ip le  com parisons te s t  be low  
in d ic a te s  th a t  A1 is  d i f f e r e n t  fro m  b o th  A2 and A3 , b u t A2 and A3 
a re  e q u iv a le n t .
D e te rge n t A2 A3 A1
Mean (a i ) 56.08 56.83 65.42
Thus, fro m  th e  ta b le  " C r i t i c a l  Values f o r  Duncan 's New M u lt ip le  Range 
T e s t"  co rre sp o n d in g  to  α = 0 .0 5  and 22 degrees o f  freedom  (see 




2.935 3 . 0 8 5
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1 .8 3 3 1 .927
Hence, s in c e
a 1 -  a2 = 65.42 -  56 .08  = 9 .34  > 1 .9 27, 
th e  d e te rg e n ts  a re  n o t a l l  e q u iv a le n t ,  as has a lre a d y  been seen 
from  th e  F t e s t .  F u rth e rm o re , s in c e
a1 -  a 3 = 65.42 -  56 .83  = 8 .59  > 1 .8 3 3 , 
d e te rg e n t i s  s ig n i f i c a n t l y  d i f f e r e n t  from  in s o fa r  as w h ite ne ss  
e f f e c t  i s  concerned. B u t s in c e
a3 -  a2 = 56 .83  -  56 .08  = 0 .7 5  < 1 .8 3 3  
d e te rg e n ts  A2 and A3 a re  e q u iv a le n t .  C onsequen tly , d e te rg e n t A1 is  
p re fe ra b le  o ve r A2 and A3 in s o fa r  as w h ite n e ss  e f f e c t  i s  concerned; 
i . e . ,  i f  w h ite n e ss  e f f e c t  i s  th e  o n ly  c r i t e r io n .  In s o fa r  as a 
second ch o ice  i s  concerned , i t  makes no d if fe re n c e  w he the r A2 o r  A3 
is  chosen when w h ite n e ss  e f f e c t  i s  th e  o n ly  c r i t e r io n .
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4 .  2N F a c to r ia l  Designs
A s p e c ia l case o f  th e  g e n e ra l m u l t i - f a c t o r  f a c t o r i a l  d e s ig n  is
th e  p a r t i c u la r  case in  w h ich  each fa c to r  o ccu rs  a t  two le v e ls :  th e  
s o -c a lle d  2N f a c t o r ia l  d e s ig n . In  th e  f i r s t  p la c e , th e  number o f  
e x p e r im e n ta l c o n d it io n s  in  a f a c t o r i a l  expe rim en t in c re a s e s  m u l t i p l i -  
c a t iv e ly  w i th  th e  number o f  le v e ls  o f  each fa c to r .  Hence, i f  many 
fa c to r s  a re  to  be in v e s t ig a te d  s im u lta n e o u s ly ,  i t  may n o t be econo­
m ic a l ly  fe a s ib le  to  in c lu d e  more tha n  two le v e ls  o f  each fa c to r .
A second reason  f o r  t r e a t in g  2N f a c t o r ia l  e xpe rim en ts  s e p a ra te ly  i s  
th a t  th e re  e x is t  c o m p u ta tio n a l s h o r t - c u ts  w h ich  a p p ly  o n ly  to  t h i s  
case. T h is  d e s ig n  i s  p a r t i c u la r l y  u s e fu l in  e x p lo ra to ry  o r  
sc re e n in g  e xp e rim e n ts , in  w h ich  one c o n s id e rs  what a re  i n t u i t i v e l y  
(o r  o th e rw is e ) b e lie v e d  to  be th e  " b e s t"  and " w o rs t"  le v e ls  o f  each 
fa c to r .  Fewer fa c to r s  ( o r d in a r i l y  those  w h ich  a re  found to  be
s ig n i f ic a n t )  may the n  be examined a t  more than  two le v e ls .
 A 2N f a c t o r ia l  e xpe rim en t re q u ire s  2N e x p e rim e n ta l c o n d it io n s ;
s in c e  t h e i r  number can be f a i r l y  la rg e ,  i t  is  c o n ve n ie n t to  re p re ­
se n t these  e x p e rim e n ta l c o n d it io n s  by a s p e c ia l n o ta t io n  and to  
l i s t  them in  a s o -c a lle d  s p e c ia l o rd e r .  W ith  t h i s  n o ta t io n ,  each 
e x p e rim e n ta l c o n d it io n  is  re p re se n te d  by th e  p ro d u c t o f  lo w e r case 
le t t e r s  co rre sp o n d in g  to  th e  fa c to r s  w h ich  a re  taken  a t  le v e l  1, 
c a l le d  th e  h ig h e r  le v e l .  I f  a lo w e r-ca se  l e t t e r  co rre sp o n d in g  to  
a fa c to r  i s  m is s in g , t h is  in d ic a te s  th a t  th e  f a c to r  i s  taken  a t 
le v e l  0 , re fe r re d  to  as th e  lo w e r le v e l .  For exam ple, in  a th re e -  
fa c to r  e xp e rim e n t, ab re p re s e n ts  th e  e x p e r im e n ta l c o n d it io n  in  
w h ich  fa c to r s  A and B a re  taken  a t  th e  h ig h e r  le v e ls  and fa c to r  C 
is  taken  a t  th e  lo w e r le v e l .  S im i la r ly  c denotes th e  e x p e rim e n ta l
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c o n d it io n  in  w h ich fa c to r  C is  a t  the  h ig h e r le v e l and fa c to rs  
A and B a re  a t  th e  low er le v e ls .  F in a l ly ,  the  symbol "1 "  rep resen ts  
the  expe rim en ta l c o n d it io n  in  w h ich a l l  fa c to rs  a re  a t the  low er 
le v e l.
The model i s ,  o f  course, s t i l l  a l in e a r  model; i . e . , each 
expe rim en ta l c o n d it io n  is  expressed as a l in e a r  fu n c t io n  o f the 
main e f fe c ts ,  in te ra c t io n s ,  r e p l ic a t io n  e f fe c t ,  and random e r ro rs .  
For example, the  model f o r  a 3 - fa c to r  experim ent is  represented by 
the  l in e a r  fu n c t io n
Yijkl = μ  +  α i +  β j +  Y k  +  (α β ) ij +  (α γ ) ik  +  (β γ ) jk  +  (α β γ ) ijk  +  P l +  
+  ε i j k l
i  =  0,  1 ; j  =  0 , 1 ; k  = 0 , 1; l  = 1, 2, . . .  , r ;  where the  Greek 
le t t e r s  denote th e  main e f fe c ts ,  (αβ) ij. . ,  . . .  , ( βγ) jk., denote the
tw o - fa c to r  in te r a c t io n s ,  (αβγ) ijk. . .  rep resen ts  the  th re e - fa c to r  in t e r -
a c t io n ,  and Ρl denotes th e  r e p l ic a t io n  e f fe c t .  The term  E i j k  r e -
p resen ts  the  e f fe c t  due to  random, u n c o n tro lla b le  fa c to rs ,  and is
assumed to  be n o rm a lly  d is t r ib u te d  w ith  mean zero . Thus, Yi j k l
rep resen ts  the  expe rim e n ta l c o n d it io n  correspond ing  to  in
a g iven  r e p l ic a te ,  i  = 0 , 1; j  = 0 , 1 ; k  = 0 , 1; and w h ich , when
expressed in  term s o f  the new sym bolism , becomes ai b j ck , where the
i , j , and k may be regarded as m athem atica l exponents w ith  the
usua l in te r p r e ta t io n  a° = 1, a 1  =  a , e tc .
A 2N f a c t o r ia l  experim ent can be analyzed as a m u lt i - fa c to r
f a c t o r i a l  d e s ig n  in  th e  manner p re v io u s ly  e x p la in e d . However,
Yates [5 ] has devised a method w hich is  co n s id e ra b ly  s im p le r and
e a s ie r  to  e x p e d ite , as w i l l  p re s e n tly  become e v id e n t.
To i l l u s t r a t e  the  a n a ly s is  o f  a 2N f a c to r ia l  des ign , cons ide r
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the  fo l lo w in g  exam ple.
Example
A t a s te - t e s t in g  expe rim en t was pe rfo rm ed  to  d is c o v e r  what e f f e c t ,  i f  any, 
th e  p h y s ic a l p ro p e r t ie s  o f  a c e r ta in  food  have on i t s  ta s te .  The r e s u l t s ,  
expressed as r a t in g s  by a ju d g e  on a s c a le  from  1 to  10, a re  g iv e n  in  the  
fo l lo w in g  ta b le :
A
C o lo r
B
C ons is tency
C
T e x tu re Rep. 1
R a tin gs  
Rep. 2 T o ta l
(1 ) l i g h t l i g h t f in e 8 6 14
a dark l i g h t f in e 7 6 13
b l i g h t heavy f in e 9 9 18
ab dark heavy f in e 8 9 17
c l i g h t l i g h t coarse 7 8 15
ac d a rk l i g h t coarse 8 6 14
be l i g h t heavy coarse 2 1 3
abc d a rk heavy coarse 3 2 5
T o ta l 52 47 99
Table  10. T rea tm ent C om binations in  S tandard  Form
Determ ine w he the r c o lo r ,  c o n s is te n c y , o r te x tu re  has a s ig n i f i c a n t  e f f e c t  on 
ta s te ,  and i f  so , i f  th e re  are any in te r a c t io n s  between these  fa c to r s .
In  o rd e r to  use Y a te s ' m ethod, one must f i r s t  a rra n ge  the  d a ta  in  
s o -c a lle d  s ta n d a rd  o rd e r ,  as in  T ab le  10. T h is  o rd e r  b eg in s  w ith  1, 
fo llo w e d  by a ; the  n e x t two e n t r ie s  a re  o b ta in e d  by m u l t ip ly in g  1 and a 
by b in  th a t  o rd e r .  These a re  then  m u l t ip l ie d ,  r e s p e c t iv e ly ,  by c which 
g ive s  th e  n e x t fo u r  e n t r ie s ,  w h ich  com pletes th e  s ta n d a rd  o rd e r a rrangem ent.
Y a te s ' method b e g in s  by o p e ra t in g  on th e  va lu e s  in  th e  "T rea tm e n t T o ta ls "  
column, add ing  and s u b t ra c t in g  p a irw is e .  Thus, th e  f i r s t  fo u r  e n t r ie s  in  
Column (1 ) a re , r e s p e c t iv e ly ,  the  p a i r  sums 14 + 13 = 27 , 18 + 17 = 35,
15 + 14 = 29, and 3 + 5 = 8 .  The re m a in in g  e n t r ie s  in  Column (1 ) a re  the  
co rre sp o n d in g  p a i r  d if fe re n c e s ,  nam ely, 13 -  14 = - 1 ,  17 -  18 = 1,
14 -  15 = - 1 ,  and 5 - 3  = 2 . (T a b le  10 a)
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1 14 27 62 99 612.56
a 13 35 37 -1 0 .06 0 .06
b 18 29 -2 -1 3 10.56 10.56
ab 17 8 1 3 0 .57 0 .57
c 15 -1 8 -25 39.06 39.06
ac 14 -1 -2 1 3 0 .56 0 .56
b c 3 -1 0 -29 52.56 52.56
abc 5 2 3 3 0 .57 0 .57
T a b le  10 a . C a lc u la t io n  o f  M.S. V a lues by Y a te s ' Method
F o r a 2N f a c t o r i a l  d e s ig n , t h i s  p rocedu re  is  co n tin u e d  u n t i l  N columns
have been gene ra ted  ( in  t h is  case, 3 co lum ns). The mean square column
v a lu e s  a re  o b ta in e d  by s q u a r in g  column (3 ) and d iv id in g  by r *2N , where
r  denotes the  number o f  r e p l ic a te s .  Thus, th e  mean square  f o r  A is  
( - 1 )  /2 (8 )  = 1/16 = 0 .0 6 . The f i r s t  e n try  in  th e  mean square  colum n,
c o rre s p o n d in g  to  I  (w h ich  s tands f o r  the  grand t o t a l )  is  T . . .  2 /r2N
= 992/16 = 61 2 .5 6 . A c tu a l ly ,  the  f i r s t  e n try  in  column (3 ) p ro v id e s  on 
the  co m p u ta tion  to  th a t  p o in t ,  inasmuch as i t  must equa l the  grand 
t o t a l  (9 9 ) .  The sum o f  squares fo r  r e p l ic a t io n  and the  e r r o r  sum o f  
squares cannot be o b ta in e d  by Y a te s ' method, b u t a re  n e c e s s a r ily  
de te rm ined  from  th e  p re l im in a ry  a n a ly s is  shown be low .
SST = ( 8 ) 2 + ( 7 ) 2 + . . .  + ( 9 ) 2 + ( 2 ) 2 -  612.56 = 110.44
SS(Tr) = 1 /2  (1 4 )2 + (1 5 )2 + . . .  + (1 7 )2 + ( 5 ) 2 -  612.56 = 103.94
SS(Rep) = 1 /8  (5 2 )2 + (4 7 )2 = 612.56 = 1 .56
SSE = SST -  SS(Tr) -  SS(Rep)
= 110.44 -  103.92 -  1 .56  
= 4 .94
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These r e s u l t s ,  coup led  w ith  Y a te s ' a n a ly s e s , le a d  to  th e  summary and 
c o n c lu s io n s  shown in  T ab le  (11).
Source o f  
V a r ia t io n
Degrees o f  
Freedom S.S . M.S. F
F.05 F . 0 1
R e p lic a te s 1 1 .56 1 .56 2 .23 5.59 12.20
Main E f fe c ts
A 1 0 .06 0 .06 0 .09 I f "
B 1 10.56 10.56 1 5 .0 9 ** I I "
C 1 39.06 39.06 5 5 .8 0 * * " "
In te r a c t io n s
AB 1 0 .57 0 .57 0 .81 " "
AC 1 0.56 0 .56 0 .80 I t "









0 .81 " "
T o ta l 15 110.44
Table  11. A n a ly s is  o f  V a riance  Summary
Thus, th e  m ain e f fe c ts  B, C and th e  in te r a c t io n  BC a re  s ig n i ­
f ic a n t  a t  b o th  th e  α = 0 .05  and α = 0 .01  le v e ls  o f  s ig n if ic a n c e .  In  
o th e r  words the  c o n s is te n c y  and te x tu re  o f  food  has a s ig n i f ic a n t  
e f f e c t  on i t s  ta s te ,  b u t th e  c o lo r  does n o t .  The r e p l ic a t io n  fa c ­
t o r  is  n o t r e a l l y  o f  in t e r e s t  in s o fa r  as i t s  s ig n if ic a n c e  o r  n o n s ig ­
n if ic a n c e  is  concerned. In  t h is  case i t  means th a t  one co u ld  c o n s id e r 
the  two r e p l ic a te s  as id e n t ic a l ,  and hence one co u ld  p o o l the  SS(Rep) 
w ith  the  SSE to  o b ta in  a new SSE v a lu e  w ith  more degrees o f  freedom , 
w h ich  w ould s tre n g th e n  th e  te s t  somewhat (v e ry  l i t t l e  in  t h i s  p a r t i ­
c u la r  p ro b le m ). T h is  w ou ld  n o t o r d in a r i ly  be done u n le ss  c e r ta in  
main e f fe c ts  a n d /o r in te r a c t io n s  were " b o r d e r l in e " ;  i . e . ,  ju s t  s h o r t  
(m a th e m a tic a lly )  o f  b e in g  s ig n i f ic a n t .
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G. C onfound ing  i n  a 2N F a c to r ia l  E xperim ent
In  some e x p e rim e n ts , i t  i s  im p o s s ib le  to  ru n  a l l  th e  re q u ire d
tre a tm e n t co m b ina tio ns  in  one b lo c k .  F o r in s ta n c e , i f  a 23 f a c t o r i a l  
e xpe rim en t in v o lv e s  e ig h t  co m b ina tio ns  o f  p a in t  p igm ents th a t  a re  to  
be a p p lie d  to  a s u r fa c e  and baked in  an oven w h ich  can accommodate 
o n ly  fo u r  specim ens, th e  e ig h t  tre a tm e n ts  m u s t be d iv id e d  in to  
two b lo c k s  (ovens) in  each r e p l ic a te .  O r, i f  s ix  b rands o f  t i r e s  
a re  to  be te s te d ,  o n ly  fo u r  c o u ld  be t r ie d  on a g iv e n  c a r .  A g a in , 
such a b lo c k  (c a r )  w ou ld  be in c o m p le te , h a v in g  o n ly  fo u r  o f  th e  
s ix  " t re a tm e n ts "  in  i t .
R e tu rn in g  to  th e  23 f a c t o r i a l  e xpe rim en t m entioned  above, 
in v o lv in g  e ig h t  co m b in a tio n s  o f  p a in t  p igm ents and two ovens, th e  
q u e s tio n  a r is e s  as to  w h ich  tre a tm e n ts  (co m b in a tio n s  o f  p a in t  
p igm en ts ) sh o u ld  be in c lu d e d  in  th e  f i r s t  oven and w h ich  in  th e  
second. The q u e s t io n  i s  n o t m e re ly  academ ic, s in c e  when th e  
e x p e r im e n ta l c o n d it io n s  a re  d is t r ib u te d  o ve r s e v e ra l b lo c k s ,  one 
o r  more o f  th e  e f f e c t s  may become confounded ( in s e p a ra b le )  w ith  
p o s s ib le  b lo c k  e f f e c t s ,  i . e . ,  b e tw e e n -b lo ck  d i f fe r e n c e s .  For 
exam ple, i f  th e  tre a tm e n t co m b in a tio n s  a , ab, ac , and abc a re  in ­
c luded  in  one oven (B lo c k  1) and ( 1 ) ,  b ,  c ,  and bc a re  in c lu d e d  
in  a second oven (B lo c k  2 ) ,  the n  th e  b lo c k  e f f e c t ,  i . e . ,  th e  
d i f fe re n c e  between th e  two b lo c k  t o t a ls ,  i s  g iv e n  by
(a ) +  (ab ) +  (a c ) +  (abc) -  ( ( 1 )  +  (b ) + (c )  + (b c ) ) .  (4 )
B u t (4 ) a ls o  measures th e  m ain e f f e c t  o f  f a c t o r  A, so th a t  th e  m ain 
e f f e c t  o f  f a c to r  A is  confounded w ith  b lo c k s .  Tha t i s ,  f o r  each 
tre a tm e n t c o m b in a tio n  in  B lo c k  1 w ith  A a t  th e  h ig h  le v e l  th e re  is  
in  B lo c k  2 th e  c o rre s p o n d in g  tre a tm e n t co m b in a tio n  w ith  A a t  th e  low
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le v e l ;  nam ely , a vs ( 1 ) ;  ab vs  b ;  ac vs c ;  and abc vs bc . Thus, 
th e  d if fe re n c e  in  (4 ) i s  a measure o f  th e  m ain e f f e c t  A i f  th e re  
is  no d if fe re n c e  in  th e  two ovens. I f  th e re  i s  a d i f fe r e n c e  in  
th e  two ovens, i t  w i l l  be r e f le c te d  in  th e  d i f fe r e n c e  ( 4 ) .  Hence, 
i f  th e  u s u a l a n a ly s is  o f  v a r ia n c e  f o r  a random ized b lo c k  is  c a r r ie d  
o u t ,  th e  d if fe re n c e  in  (4 ) w i l l  p ro b a b ly  show up as s ig n i f i c a n t .  
However, one does n o t r e a l l y  know w he the r o r  n o t t h i s  i s  r e a l l y  
th e  case , s in c e  (4 ) measures b o th  th e  " b lo c k  d i f f e r e n c e , "  and the  
m ain e f f e c t  o f  f a c to r  A. The way to  a vo id  "c o n fo u n d in g " th e  m ain 
e f f e c t  o f  A w ith  b lo c k s  i s  to  r e d is t r ib u t e  th e  tre a tm e n t co m b ina tio ns  
among th e  two ovens in  such a way (and th e re  a re  s e v e ra l p o s s ib le  
ways) th a t  th e  "h ig h  le v e ls "  and " lo w  le v e ls "  o f  f a c to r  A a re  
"b a la n c e d " in  th e  two b lo c k s .  One p o s s ib i l i t y  i s  to  p la ce  a , ab, c , 
b c in  B lo c k  1 and ac , abc, ( 1 ) ,  and b in  B lo c k  2. Then th e  e f f e c t  
o f  any d if fe re n c e  between b lo c k s  w i l l  a f f e c t  th e  h ig h  le v e l  o f  
fa c to r  A in  th e  same manner as th e  low  le v e l ,  and the  b lo c k  e f f e c t  
on A w i l l  be sepa ra ted  o u t.  To see why t h is  i s  so , i t  w i l l  be 
h e lp fu l  to  n o te  how each m ain e f f e c t  and in te r a c t io n  is  measured 
in  term s o f  tre a tm e n t e f f e c t  t o t a ls .  T h is  i s  most e a s i ly  seen 
by c o n s tru c t in g  a ta b le  (T a b le  12 ) o f  s ig n s  f o r  a 2 f a c t o r ia l  
des ign  w h ich  can be im plem ented in  o n ly  one b lo c k  and in  w h ich , 
th e re fo re ,  th e re  i s  no c o n fou n d in g . The s ig n  in  a g ive n  colum n, 
say column A, i s  p lu s  o r  m inus, a cc o rd in g  as the  tre a tm e n t co m b in a tio n  
in  the  co rre sp o n d in g  row does o r  does n o t c o n ta in  th e  l e t t e r  a. The 
s ig n s  in  the  v a r io u s  in te r a c t io n  colum ns, say AB, a re  o b ta in e d  by 
m u lt ip ly in g  the  s ig n s  in  columns A and B; o r  more g e n e ra lly ,  by 
m u lt ip ly in g  the  s ig n s  in  th e  columns co rre sp o n d in g  to  th e  component
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fa c to r s .  Thus, th e  s ig n s  in  th e  in t e r a c t io n  column ABC a re  o b ta in e d  
by m u l t ip ly in g  th e  c o rre s p o n d in g  s ig n s  in  columns A, B, and C.
T rea tm en t
C om b ina tions I A B AB C AC BC ABC
(1 ) 1 -1 -1 1 -1 1 1 -1
a 1 1 -1 -1 -1 -1 1 1
b 1 -1 1 -1 -1 1 -1 1
ab 1 1 1 1 -1 -1 -1 -1
c 1 -1 -1 1 1 -1 -1 1
ac 1 1 -1 -1 1 1 -1 -1
bc 1 -1 1 -1 1 -1 1 -1
abc 1 1 1 1 1 1 1 1
T a b le  1 2 . C a lc u la t io n  o f  E f fe c t  T o ta ls  f o r  a Complete 
F a c to r ia l
To d e te rm in e  th e  v a lu e  o f  th e  t o t a l  response f o r  th e  main 
e f f e c t s  o f  f a c to r  A, one s im p ly  m u l t ip l ie s  th e  response v a lu e  f o r  
each tre a tm e n t co m b in a tio n  by th e  co rre s p o n d in g  e n try  in  column A, 
ta ke s  th e  a lg e b ra ic  sum, and d iv id e s  th e  v a lu e  o f  t h is  sum by - 8 r ,  
where r  deno tes th e  number o f  r e p l ic a te s .  Thus,
(5 )
S im i la r ly ,
F o r th e  in te r a c t io n s  AB and ABC, one has , r e s p e c t iv e ly ,  from  T ab le  
12 :
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R e tu rn in g  to  th e  above example in v o lv in g  two ovens ( b lo c k s ) , 
one n o te s  th a t  i f  th e  tre a tm e n t co m b in a tio n s  a , ab , a c , and abc 
a re  p la ced  in  Oven #1 and ( 1 ) ,  b , c ,  and bc in  Oven #2, the n  any 
b ia s  e f f e c t  fro m  Oven #1 w i l l  a lw ays be added and any b ia s  e f f e c t  
from  Oven #2 w i l l  a lw ays be s u b tra c te d  in  th e  a n a ly s is  o f  th e  m ain 
e f fe c ts  o f  f a c to r  A, as i s  seen fro m  ( 5 ) .  I f ,  how ever, th e  t r e a t ­
ment co m b ina tio ns  ( 1 ) ,  ab , a c , b c were p la ce d  in  one b lo c k ,  say 
B lo ck  #1, and a , b , c , abc in  th e  o th e r ,  the n  any b ia s  e f f e c t  on 
th e  m ain e f fe c ts  o f  A due to  e i t h e r  b lo c k  w ou ld  be removed, s in c e  
th e y  a re  b o th  added and s u b tra c te d  and hence w ou ld  ca n ce l o u t .
The end r e s u l t  is  a lways th a t  som eth ing  must be s a c r i f ic e d  
when a l l  tre a tm e n t co m b ina tio ns  cannot be p la ce d  in  th e  same b lo c k .
I f  th e  e xpe rim en t in v o lv e s  two b lo c k s ,  then  p re c is e ly  one main 
e f f e c t  o r  in te r a c t io n  must be s a c r i f ic e d .  I f  fo u r  b lo c k s  a re  
in v o lv e d ,  p re c is e ly  two o r  more e f fe c ts  must be s a c r i f ic e d .  The 
fo l lo w in g  i l l u s t r a t i o n  in d ic a te s  how one d e te rm ine s  what d is t r ib u ­
t io n  o f  tre a tm e n t co m b ina tio ns  w i l l  s a c r i f i c e  s p e c if ie d  e f f e c t s ,
and what a d d i t io n a l  e f fe c ts  a re  a ls o  s a c r i f ic e d .
Suppose in  a 24 f a c t o r ia l  d e s ig n  i t  i s  necessa ry  to  c a r ry  
o u t the  expe rim en t in  fo u r  b lo c k s . That i s ,  th e  16 tre a tm e n t 
com b ina tions  ( 1 ) ,  a , b , abc, ac , bc , abc, d , ad, bd , abd, cd , acd, 
bcd , abcd must be p laced  in  fo u r  b lo c k s ,  each c o n ta in in g  fo u r  
tre a tm e n t co m b in a tio n s . Suppose fu r th e r  th a t  one i s  w i l l i n g  to  
s a c r i f ic e  the  f o u r - fa c to r  in te r a c t io n  ABCD and the  tw o - fa c to r  
in te r a c t io n  AD. How must th e  16 tre a tm e n t co m b ina tio ns  be d i s t r i ­
bu ted  among the  fo u r  b locks?
One p rocedure  f o r  d e te rm in in g  t h is  d is t r ib u t io n  is  th e  s o -c a lle d
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even-odd r u le .  A p p ly in g  t h is  r u le  to  a ccom p lish  th e  con fo un d in g  
o f  ABCD w ith  b lo c k s ,  one m e re ly  p la ce s  each tre a tm e n t co m b in a tio n  
w h ich  has an even number o f  l e t t e r s  in  common w ith  ABCD in to  one 
b lo c k ,  and tho se  h a v in g  an odd number in  common w ith  ABCD in to  
th e  o th e r  b lo c k .  T h is  p ro ced u re  the n  r e s u l t s  in  th e  fo l lo w in g  
d is t r ib u t io n  o f  th e  16 tre a tm e n t co m b ina tio ns  among two b lo c k s .
B lo c k  1: ( 1 ) ,  ab , a c , bc , a d , b d , cd , abcd
B lo c k  2: a , b , c , abc, d , abd, acd , bcd ,
I f  now one a p p lie s  th e  even-odd r u le  to  each o f  these  two b lo c k s  
r e la t i v e  to  th e  in t e r a c t io n  AD, b o th  B lo c k  1 and B lo c k  2 a re  
s u b d iv id e d  in t o  two b lo c k s ,  r e s u l t in g  in  th e  fo u r  b lo c k s  shown 
be low .
B lo c k  1: ( 1 ) ,  b c , ad , abcd
B lo c k  2: ab , ac , b d , cd 
B lo c k  3: b , c ,  abd, acd 
B lo c k  4 : a , abc, d , b cd
The e f f e c t  (ABCD) (AD) = A2 BCD2 = BC is  a ls o  confounded w ith  b lo c k s . 
Tha t i s ,  i f  two e f f e c t s ,  such as ABCD and AD, a re  confounded w ith  
b lo c k s ,  the n  t h e i r  p ro d u c t,  reduced mod 2, is  a ls o  confounded.
(When one is  w o rk in g  on th e  mod 2 b a s is ,  o n ly  the  numbers 0 and 1 
a re  in v o lv e d ,  so th a t  any number ( e . g . ,  an exponent) reduces to  
e i t h e r  0 o r  1. T ha t i s ,  0 = 0 ,  1 = 1 ,  2 = 0 ,  3 = 1 ,  4 = 0 ,  5 = 1 ,
e tc .  Thus, i f  one c a r r ie s  o u t a 24 f a c t o r ia l  a n a ly s is  u s in g  th e  
above fo u r  b lo c k s ,  he can te s t  a l l  m ain e f fe c ts  and in te r a c t io n s  
excep t th e  in te r a c t io n s  AD, BC, and ABCD; and he can do t h is  i f  
each tre a tm e n t co m b in a tio n  is  used tw ic e  o r  more. I t  shou ld  be p o in te d  
o u t th a t  r e p l ic a t in g  th e ' e n t i r e  e xpe rim en t w i l l  in  no way r e t r ie v e
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th e  in fo rm a t io n  lo s t  by c o n fo u n d in g ; i t  w i l l  o n ly  enab le  one to  
measure and t e s t  th e  s ig n if ic a n c e  o f  th e  unconfounded e f fe c ts  
more a c c u ra te ly .
To i l l u s t r a t e  how th e  need may a r is e  to  ana lyze  a p rob lem  in  
w h ich  co n fo un d in g  o c c u rs , c o n s id e r th e  p re v io u s  example in v o lv in g  
a t a s te - t e s t in g  e xp e rim e n t. In  t h i s  e xp e rim e n t, suppose th a t  th e  
ju d g e  ra te s  foods in  s e ts  o f  f o u r ,  w ith  a r e s t  p e r io d  in  betw een, 
and th a t  th e  e xpe rim en t was a c tu a l ly  perfo rm ed  so th a t  each r e p l ic a te  
c o n s is te d  o f  two b lo c k s  w ith  ABC confounded. The two b lo c k s  so 
o b ta in e d  ( i . e . ,  by co n fo un d in g  ABC w ith  b lo c k s )  a re  r e a d i ly  fou n d , 
by a p p l ic a t io n  o f  th e  even-odd r u le ,  to  be ( 1 ) ,  ab , b c , ac and a , 
b , c , abc. The p rob lem  now is  to  t e s t  th e  m ain e f fe c ts  and tw o - 
f a c to r  in te r a c t io n s ,  th e  th r e e - fa c to r  in t e r a c t io n  b e in g  unm easurable 
because i t  i s  confounded w ith  b lo c k s .  T h is  k in d  o f  a n a ly s is  is  
c a l le d  an in t r a b lo c k  a n a ly s is  o f  th e  d a ta .
The m ain e f fe c ts  and tw o - fa c to r  in te r a c t io n s  may be de te rm ined  
by a Y a te s ' a n a ly s is  ju s t  as in  th e  o r ig in a l  s i t u a t io n  when th e re  
was no con fo un d in g  w ith  b lo c k s . However, in s te a d  o f  a sum o f  squares 
f o r  r e p l ic a te s ,  one now has a sum o f  squares f o r  b lo c k s . That i s ,  
one can no lo n g e r  se pa ra te  o u t th e  e f fe c ts  o f  r e p l ic a t io n ,  s in c e  ABC 
is  confounded w ith  b lo c k s  (and hence a ls o  w ith  r e p l ic a te s ) . To f in d  
th e  sum o f  squares f o r  b lo c k s  (SS (B1) ) ,  one f i r s t  c o n s tru c ts  the  
ta b le s  below  and then  c a lc u la te s  th e  SS(B1) as shown. I t  has a lre a d y  
been shown th a t  ABC w i l l  be confounded w ith  b lo c k s  i f  a , b , c , abc 
a re  p la ced  in  one b lo c k  and ( 1 ) ,  ab , bc , ac a re  p la ced  in  th e  o th e r  
b lo c k .  The com plete  expe rim en t f o r  b o th  r e p l ic a te s  is  a g a in  shown 
below  f o r  th e  conven ience  o f  th e  re a d e r.
91
T rea tm en t
C om b ina tion
Rep. 1 Rep. 2 T o ta l
(1 ) 8 6 14
a 7 6 13
b 9 9 18
ab 8 9 17
c 7 8 15
ac 8 6 14
b c 2 1 3
abc 3 2 5
T o ta ls 52 47 99
B lo c k  1 B lo c k  2
T rea tm en t
C om b ina tion
Rep. 1 Rep. 2 T o ta l T rea tm en t
C om bination
Rep. 1 Rep. 2 T o ta l
a 7 6 13 (1 ) 8 6 14
b 9 9 18 ab 8 9 17
c 7 8 15 b c 2 1 3
abc 3 2 5 ac 8 6 14
26 25 51 26 22 48
B lo c k  1 B lo c k  2
Rep. 1 26 26
Rep. 2 25 22
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Combining t h is  r e s u l t  w ith  those  in  th e  Y a te s ' ta b le  p re v io u s ly  
p re s e n te d , one o b ta in s  th e  A n a ly s is  o f  V a ria n ce  ta b le  be low .
Source o f  
V a r ia t io n
Degrees 
o f  Freedom




B lo cks 3 2 .69 0 .90 1 .23 4 .76 9 .78
Main E f fe c ts
A 1 0 .06 0 .06 0 .08 5.99 13.70
B 1 10.55 10.55 1 4 .4 5 ** " "
C 1 39.06 39.06 5 3 .5 1 * * " "
Unconfounded
In te r a c t io n s
AB 1 0 .56 0 .56 0 .77 " "
AC 1 0.56 0 .56 0 .77 " "
BC 1 52.56 52.56 7 2** " "
In t r a b lo c k
E r ro r 6 4 .39 0 .73
T o ta l 15 110.43
C le a r ly ,  th e  m ain e f fe c ts  o f  fa c to r s  B and C a re  s ig n i f ic a n t  
a t  th e  α = 0 .01  le v e l ,  as i s  a ls o  th e  tw o - fa c to r  in t e r a c t io n  BC.
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V I I .  DISTRIBUTION-FREE ANALYSIS OF VARIANCE
As was p re v io u s ly  m e n tion e d , a d is t r ib u t io n - f r e e  a n a ly s is  o f  
v a r ia n c e  m odel removes e s s e n t ia l ly  a l l  o f  th e  r e s t r i c t i v e  assum ptions 
o f  th e  p a ra m e tr ic  o r  c o n v e n tio n a l a n a ly s is  o f  v a r ia n c e  te s t s .  There 
a re  s e v e ra l such d is t r ib u t io n - f r e e  te s t s ,  b u t th e  s im p le s t and b e s t 
o f  th e s e , fro m  an o v e r a l l  p o in t  o f  v ie w  f o r  t e s t in g  m ain e f f e c t s  and 
in te r a c t io n s  o f  any o rd e r ,  i s  W ils o n 's  D is t r ib u t io n - F r e e  T e s t o f  
A n a ly s is  o f  V a ria n ce  H ypotheses [6 ] . W ils o n 's  method e s s e n t ia l ly  
te s ts  th e  s ig n if ic a n c e  o f  d i f fe re n c e s  among a s e t o f  c la s s  means 
(say  column means) on th e  b a s is  o f  a C h i-s q u a re  te s t  in v o lv in g  th e  
number o f  ite m s  in  each c la s s  w h ich  a re  above th e  o v e r a l l  median 
f o r  th e  e n t i r e  e x p e rim e n t. A s te p w ise  d e s c r ip t io n  o f  th e  t e s t  is  
g iv e n  be low .
D e s c r ip t io n  o f  th e  T est
1. The median v a lu e ,  Md, f o r  th e  e n t i r e  s e t o f  n o b s e rv a tio n s  
is  d e te rm in e d . T h is  median sh ou ld  n o t be in te r p o la te d  b u t shou ld  
be de te rm ined  o n ly  as a "b o u n d a ry " w h ich  d iv id e s  th e  e n t i r e  s e t o f  
o b s e rv a t io n s , as n e a r ly  as p o s s ib le ,  in to  two groups o f  e qu a l s iz e .  
In  th e  n o ta t io n  used h e re , na re p re s e n ts  th e  number o f  o b s e rv a tio n s  
g re a te r  than  o r  e qu a l to  Md and re p re s e n ts  th e  number o f  observa ­
t io n s  le s s  than  th e  Md.
2. A 2 x  r  x  c co n tin g e n c y  ta b le  i s  s e t up where r  i s  the  
number o f  row c o n d it io n s  in  th e  e x p e r im e n ta l d es ign  and c i s  the  
number o f  column c o n d it io n s .  The t h i r d  d im ens ion  in  t h i s  ta b le  
co rresponds to  the  d iv is io n  o f  th e  sco res  by Md. Thus, th e  f r e ­
quency bfij re p re s e n ts  th e  number o f  o b s e rv a tio n s  le s s  than  Md f o r  
the  c e l l  in  row i  and column j ,  and a f i j  re p re s e n ts  th e  number o f
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o b s e rv a tio n s  in  t h i s  c e l l  w h ich  a re  g re a te r  tha n  o r  e q u a l to  Md. 
O b v io u s ly ,
3. The t o t a l  C h i-s q u a re , X2T,  can be computed fro m  fo rm u la  (6 )
be low  w ith o u t  r e s t r i c t io n s  on na , nb , and n i j  :
(6 )
In  t h i s  fo rm u la  f o r  x2T, th e  expected  fre q u e n c ie s  ( i . e .  , th e  term s 
ni j  na /n and n i j  nb /n )  a re  p re d ic a te d  on th e  n u l l  h y p o th e s is  th a t  the  
m ain e f fe c ts  and in te r a c t io n s  e f f e c t s  p roduce  no change in  th e  
d is t r ib u t io n  o f  s c o re s . A c c o rd in g  to  t h i s  h y p o th e s is ,  one sh ou ld  
expec t th a t  f o r  each c e l l  th e  p ro p o r t io n  o f  th e  nij sco re s  be low
Md w ou ld  be n i j  nb /n ,  and th e  p ro p o r t io n  above Md w ou ld  be n i j  na /n .
In  a l l  cases , X2T, has ( r c - 1 )  degrees o f  freedom .
24. The C h i-s q u a re  v a lu e s  o f  th e  row e f f e c t s ,  x 2R, and th e  column
e f fe c t s ,  X2C a re  computed u s in g  th e  m a rg in a l t o t a ls  o f  th e  2 x  n x c 
c o n tin g e n cy  ta b le .  Form ulas ( 7a )  and 7b ) g iv e n  be low  p ro v id e





In  b o th  o f  th e  fo rm u la s  f o r x2R a n d  x2C , th e  e xpe c ted  f re q u e n c ie s  f o r  
th e  m ain e f f e c t s  a re  o b ta in e d  f o r  th e  n u l l  h y p o th e s is  t h a t  th e  d is ­
t r i b u t i o n s  o f  s c o re s  a re  id e n t i c a l  f o r  a l l  le v e ls  o f  th e  raw o r
co lum n c o n d it io n s .  Thus, f o r  X2R one s h o u ld  e xp e c t th e  p r o p o r t io n
nb /n  o f  each n i. to  be b e low  Md and th e  p r o p o r t io n  na /n  to  be above 
i t .  I n  a l l  c a se s , XR2 and x 2C have ( r - 1 )  and (C -1) degrees o f  
fre ed o m , r e s p e c t iv e ly .
5 . The C h i-s q u a re  v a lu e  f o r  th e  in t e r a c t io n  e f f e c t ,  x 2 I i s  
m ost e a s i ly  computed by s u b t r a c t io n .  T h a t i s ,
X2I =  X2T -  X2R -  X2C ,
 
( 8 )
where x 2I has ( r - 1 )  ( c - 1 ) degrees o f  freedom .
6 . The te s ts  f o r  th e  m a in  e f f e c t s  and in t e r a c t io n  a re  made
by com paring  th e  o b ta in e d  v a lu e s  o f  x2R, X2C, and x 2I w ith  v a lu e s
fro m  th e  c u m u la t iv e  C h i-s q u a re  d i s t r i b u t i o n  f o r  th e  a p p ro p r ia te
degrees o f  freedom  and s ig n i f ic a n c e  le v e l
I f  th e re  a re  th re e  f a c t o r s ,  say R, B, C in v o lv e d  in  th e  e xp e rim e n t
th e  t h r e e - f a c t o r  in t e r a c t io n  may a ls o  be te s te d  f o r  s ig n i f ic a n c e .
The 2 x r x b ,  2 x r x c ,  and 2 x  b x  c ta b le s  may be a n a lyze d  as
p r e v io u s ly  in d ic a te d  to  d e te rm in e  th e  C h i-s q u a re  v a lu e s  X2R, X2B, X2C,
 
RBX2T , RCX2T , BCX2T , RBX2I , RCX2I , and BCX2I , f r om w h ich  th e  v a r io u s  m ain
e f f e c t s  and tw o - fa c to r  in t e r a c t io n s  may be te s te d  f o r  s ig n i f ic a n c e .
(The n o ta t io n  RBX2T and RBX2 T deno tes  th e  t o t a l  x2 and in t e r a c t io n
X2 v a lu e s  f o r  th e  2 x  r  x  b t a b le .  The sym bols RCX 2T , RCX2I, BCX2T,
and BCX2I have s im i la r  in t e r p r e t a t io n s  and a re  o b ta in e d  fro m  th e
2 x  r  x  c and 2 x  b x  c ta b le s .  S p e c i f i c a l l y ,
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The in t e r a c t io n  RBCX2I has ( r - 1 )  (b -1 )  (c -1 )  degrees o f  freedom .
A word o f  c a u t io n  is  in  o rd e r .  For when th e  e xpe c ted  v a lu e s  a re  
s m a ll ( le s s  tha n  t h r e e ) , th e  C h i-s q u a re  t e s t  may be u n r e l ia b le  u n le s s  
th e  c o n tin g e n c y  ta b le  has 30 o r  more degrees o f  freedom . In  th e  
fo l lo w in g  example th e  expec ted  v a lu e s  in v o lv e d  in  t e s t in g  b o th  
f e r t i l i z e r s  (row s) and ch em ica ls  (co lum ns) a re  5 .5  and 6 .5 ,  w h ich  
is  a s a t is fa c to r y  s i t u a t io n .  A ls o  in  t h i s  exam ple, th e  expected  
v a lu e s  re le v a n t  to  th e  in t e r a c t io n  t e s t  a re  1 1 /8  and 3 /8 ,  w h ich  
a re  a b i t  s m a ll and c a l l  f o r  c a u t io n  in  in t e r p r e t in g  th e  in t e r a c t io n  
as h ig h ly  s ig n i f i c a n t ,  s in c e  th e  c o n tin g e n c y  ta b le  has le s s  tha n  30
degrees o f  freedom .
Example
To i l l u s t r a t e  th e  im p le m e n ta tio n  o f  th e  m ethods, a d is t r i b u t i o n -  
f re e  a n a ly s is  o f  v a r ia n c e  w i l l  be c a r r ie d  o u t f o r  the  d a ta  r e la t i v e  
to  th e  tw o - fa c to r  f a c t o r i a l  d es ign  in  T a b le  7. A rra n g in g  th e  ite m s 
in  in c re a s in g  o rd e r  o f  m agnitude (T a b le  13) , one f in d s  the  median to
be Md= 1 3 .8 . T ab les  15 and 1 6 c o n s t i tu te ,  r e s p e c t iv e ly ,  th e  2 x  c and
2
the  2 x  r  ta b le s  from  w h ich  the  x v a lu e s  f o r  th e  m ain e f f e c t s  f o r
chem ica ls  and humus f e r t i l i z e r ,  r e s p e c t iv e ly ,  a re  c a lc u la te d .  The




1 1 .6 1 3 .8
11 .9 1 3 .8
1 2 .0 1 3 .9
1 2 .0 1 4 .0
1 2 .0 1 4 .0
1 2 .1 1 4 .0
1 2 .4 1 4 .1
1 2 .8 1 4 .2
1 2 .9 1 4 .2
1 2 .9 1 4 .6
1 3 .0 1 5 .3
1 3 .0 1 5 .6
1 3 .1 1 6 .4
1 3 .2 1 6 .6
1 3 .3 1 7 .5
1 3 .3 17 .6
1 3 .3 1 8 .8
1 3 .4 1 9 .6
1 3 .5 1 9 .8
1 3 .6 2 0 .1
13 .6 2 0 .8
1 3 .7 20 .9
13 .7 21 .2
13 .7 2 1 .4
Md = 1 3 .8
na = number o f  o b s e rv a t io n s  
e q u a l to  o r  g re a te r  than  
th e  m edian
nb = number o f  o b s e rv a t io n s  le s s  
th a n  th e  m edian
=  22
T a b le  13. D e te rm in a t io n  o f  th e  M edian 
o f  th e  D ata  in  T a b le  3.
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Humus and
F e r t i l i z e r  T rea tm en t
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A c id T o ta l
a.  j 5 8 6 8 27
n b . j 7 4 6 4 21
n .j 12 12 12 12 48
T a b le  15. A n a ly s is  o f  C hem ical Means (M ain E f f e c t )
U s ing  fo rm u la  (7b ) and the  d a ta  in  T ab le  15, one has
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From th e  C h i-s q u a re  ta b le ,  one o b ta in s  ( f o r  3 degrees o f  freedom )
X 2α = 7 .8 1 5 , α = 0 .05
S ince  3 .69  < 7 .8 1 5 , th e  ch e m ica l means a re  n o t s ig n i f i c a n t l y  d i f f e r e n t  
( o r  e q u iv a le n t ly ,  th e  ch e m ica l m ain e f f e c t  i s  n o t s ig n i f i c a n t ) .  One 
makes t h is  a s s e r t io n  w ith  a c o n fid e n c e  ( p r o b a b i l i t y  o f  b e in g  c o r re c t )  
o f  0 .9 5 .
S im i la r ly ,  fro m  th e  d a ta  i n  T a b le  16, one h as , fro m  fo rm u la  (7a
NONE STRAW STRAW +  PO4, 
STRAW 
PO4 , LIME TOTAL
Na 12 4 5 6 27
Nb 0 8 7 6 21
n i . 12 12 12 12 48
T a b le  16. A n a ly s is  o f  H u m u s -F e r t i l iz e r  M ain E f fe c t
A g a in , fro m  th e  C h i-s q u a re  ta b le  (w i th  3 degrees o f  freedom ) one 
2
n o te s  th a t  X2α = 7 .8 1 5 . ,  α = 0 .0 5 .
S ince  1 6 .9 2>  7 .8 1 5 , one conc ludes  w ith  a c o n fid e n c e  o f  0 . 9 5 ,  
th a t  th e re  i s  a s ig n i f i c a n t  d i f fe r e n c e  among th e  row ( h u m u s - fe r t i l iz e r )  
means.
F in a l ly ,  by a p p ly in g  e q u a tio n  (6 ) to  T a b le  14, where th e  re a d e r 
i s  rem inded th a t
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th  thf  = number o f  ite m s  in  c e l l  ( i ,  j )  -  i . e . ,  in  i —  row and j —  a i j
column -  whose v a lu e  i s  equa l to  o r  g re a te r  than  Md = 13 .8  
= number o f  ite m s  in  c e l l  ( i ,  j )  whose v a lu e s  a re  le s s  
than  Md = 1 3 .8 ,
one o b ta in s
T h e n
Note th a t ,  f o r  fo u r  degrees o f  freedom ,
S ince 5 .64  < 9 .4 8 8 , the  in t e r a c t io n  between h u m u s - fe r t i l iz e r  and 
chem ica l tre a tm e n ts  i s  n o t s ig n i f ic a n t  a t the  a  = 0 .05  le v e l .  Or
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e q u iv a le n t ly ,  one a s s e r ts  w i th  a c o n fid e n c e  o f  0 .9 5 , th a t  t h i s  
in t e r a c t io n  does n o t e x is t .
As can be seen, th e  ch e m ica l m ain e f f e c t  i s  n o t s ig n i f ic a n t
a t  th e  5% le v e l  b u t th e  h u m u s - fe r t i l i z e r  m ain e f f e c t  i s .  From a
r a th e r  d e ta i le d  x2 ta b le  [ 1 6 ]  one n o te s  th a t  th e  v a lu e  x2c = 3 .69
f o r  th e  ch e m ica l m ain e f f e c t  i s  s ig n i f i c a n t  a t  abou t th e  30% le v e l
o f  s ig n i f ic a n c e ,  whereas w ith  th e  p a ra m e tr ic  (c o n v e n t io n a l)  f a c t o r ia l
model (T a b le  7a) i t  i s  s ig n i f i c a n t  a t  abou t th e  5% le v e l .  S im i la r ly
th e  h u m u s - fe r t i l i z e r ,  m ain e f f e c t  (R) i s  s ig n i f ic a n t  [16] a t  s l i g h t l y
b e t t e r  tha n  th e  0.1% le v e l  o f  s ig n i f ic a n c e ,  as in d ic a te d  by a
c a lc u la te d  v a lu e  o f  X2R = 1 6 .9 2 ; b u t w i th  th e  p a ra m e tr ic  (c o n v e n t io n a l)
a n a ly s is  o f  v a r ia n c e  m ode l, i t  i s  s ig n i f i c a n t  a t  a c o n s id e ra b ly
lo w e r le v e l .  As f o r  th e  in t e r a c t io n ,  W ils o n 's  d is t r ib u t io n - f r e e
model y ie ld s  a v a lu e  o f  X2RC = 5 .648  w h ich  i s  s ig n i f ic a n t  a t  abou t 
th e  25% le v e l  ( 4 ) ;  t h i s  compares w ith  s ig n if ic a n c e  a t  th e  1% le v e l  
on th e  b a s is  o f  th e  p a ra m e tr ic  a n a ly s is  o f  v a r ia n c e  t e s t .
Thus, b o th  th e  p a ra m e tr ic  and d is t r ib u t io n - f r e e  a n a ly s is  o f  
v a r ia n c e  te s ts  agree  th a t  th e  h u m u s - fe r t i l i z e r  m ain e f f e c t  is  
s ig n i f i c a n t  a t  th e  a = 0 .001  le v e l ;  so th a t  one is  h ig h ly  c o n f i ­
den t th a t  th e  h u m u s - fe r t i l i z e r  means a re  n o t a l l  id e n t ic a l .  I f  
one had some doub ts  as to  th e  v a l i d i t y  o f  th e  p a ra m e tr ic  a n a ly s is  
o f  v a r ia n c e  a ssu m p tio n s , he w ou ld  p ro b a b ly  conc lude  th a t  th e  
ch e m ica l m ain e f f e c t  and th e  in t e r a c t io n  were s ig n i f i c a n t  a t  
abou t th e  α = 0 .1 5  (15%) le v e l ,  s in c e  t h is  is  in te rm e d ia te  be­
tween th e  s ig n i f ic a n c e  le v e ls  in d ic a te d  by th e  p a ra m e tr ic  and 
d is t r ib u t io n - f r e e  m odels.
In  summary, i f  one had doub ts  co n c e rn in g  th e  assum ptions
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u n d e r ly in g  th e  p a ra m e tr ic  model and w ished  to  make d e c is io n s  a t  the  
5% le v e l ,  he w ou ld  r e je c t  th e  h y p o th e s is  th a t  th e  h u m u s - fe r t i l i z e r  
means a re  id e n t ic a l ,  b u t a ccep t th e  h y p o th e s is  th a t  th e  ch e m ica l means 
a re  id e n t ic a l .  S im i la r ly ,  he w ou ld  a ccep t th e  h y p o th e s is  th a t  th e  
in t e r a c t io n  means a re  id e n t ic a l .  In  a la ym a n 's  language , he w ou ld  
conc lude  th a t  th e  k in d  o f  h u m u s - fe r t i l i z e r  used (among th e  fo u r  
c o n s id e re d ) i s  im p o r ta n t b u t th e  k in d  o f  ch e m ica l tre a tm e n t (among the  
fo u r  c o n s id e re d ) i s  n o t ,  w h ile  th e re  is  no in t e r a c t io n  between the  
fo u r  ch em ica ls  and th e  fo u r  humus typ e s  c o n s id e re d .
F in a l ly ,  th e  im p o r ta n t p o in t  to  em phasize— as is  i l l u s t r a t e d  in  
t h i s  example— is  th a t  i f  one is  c o n f id e n t  th a t  th e  assum ptions u n d e r ly in g  
th e  p a ra m e tr ic  model a re  s a t i s f ie d  ( p a r t i c u la r ly  th e  hom ogene ity  o f  
v a r ia n c e  a s s u m p tio n ), he sh ou ld  reach  h is  c o n c lu s io n s  on th e  b a s is  o f  the  
p a ra m e tr ic  a n a ly s is  o f  v a r ia n c e  m odel, w h ich  in  such a case u s u a lly  y ie ld s  
c o n s id e ra b ly  s t ro n g e r  r e s u l t s .  I f  he has no such c o n fid e n c e , he shou ld  
a b ide  w ith  th e  c o n c lu s io n s  from  the  d is t r ib u t io n - f r e e  a n a ly s is  o f  
v a r ia n c e  t e s t .  I f  the  assum ptions a re  somewhat q u e s t io n a b le , he shou ld  
p ro b a b ly  compromise between th e  two r e s u l t s  when th e y  d i f f e r ;  when th e y  
a g ree , th e re  is  no p rob lem .
A c tu a l ly ,  as s ta te d  in  th e  p re c e d in g  s e c t io n ,  th e  row v a r ia n c e s  
a re  s ig n i f i c a n t l y  d i f f e r e n t ,  as a re  th e  column v a r ia n c e s . C onsequen tly , 
one sh ou ld  a b ide  by th e  c o n c lu s io n s  reached by th e  d is t r ib u t io n - f r e e  
a n a ly s is  o f  v a r ia n c e  t e s t ,  nam ely, th a t  th e re  is  a s ig n i f ic a n t  
d if fe re n c e  among the  h u m u s - fe r t i l iz e r  tre a tm e n ts  b u t n o t among the  
chem ica l tre a tm e n ts , and th a t  th e re  is  no in t e r a c t io n  between th e  two 
(a t  th e  α = 0 .05  le v e l  o f  s ig n i f ic a n c e ) .
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V I I I .  INCOMPLETE DESIGNS
There  a re  some in s ta n c e s  in  w h ich  one canno t ru n  th e  com p le te  
e x p e r im e n ta l d e s ig n  w h ich  he o r i g in a l l y  p la n n e d . One may f in d ,  f o r  
exam ple , th a t  in  a random ized b lo c k  i t  may n o t be p o s s ib le  to  a p p ly  
a l l  tre a tm e n ts  in  e v e ry  b lo c k .  Thus, i f  one w ishes  to  t e s t  s ix  
b rands  o f  t i r e s ,  o n ly  fo u r  can be t r ie d  on a g iv e n  c a r (n o t u s in g  
th e  s p a re ) ,  and such a b lo c k  w ou ld  be in c o m p le te , h a v in g  o n ly  fo u r  
o u t o f  th e  s ix  tre a tm e n ts  in  i t .  S im i la r ly ,  one m ig h t w ish  to  use 
a 6 x  4 L a t in  squa re  d e s ig n  b u t f in d  th a t  o n ly  th re e  tre a tm e n ts  
a re  p o s s ib le  ( e . g . ,  in  one b lo c k  because o n ly  th re e  p o s i t io n s  a re  
a v a i la b le )  and where th e re  a re  fo u r  b lo c k s  a l to g e th e r ,  th e  d es ign  
is  an in c o m p le te  L a t in  squa re . Such a square  i s  c a l le d  a Youd en 
sq ua re . A g a in , in  a 210 f a c t o r i a l  d e s ig n , one may n o t be a b le  to  
c o n s id e r a l l  210 p o s s ib le  tre a tm e n t c o m b in a tio n s , perhaps f o r  c o s t 
re a so n s . He can u s u a l ly  re a ch  c o m p le te ly  v a l id  and a c c u ra te  con­
c lu s io n s  by a n a ly z in g  a f r a c t io n  o f  th e  com p le te  d e s ig n , perhaps by 
c o n s id e r in g  o n ly  25 o f  th e  p o s s ib le  210 com p le te  f a c t o r i a l  d e s ig n s . 
T h is  w ou ld  be c a l le d  a 1/32 nd f r a c t io n a l  f a c t o r i a l  d e s ig n . In  a l l  
o f  the se  ty p e s  o f  in c o m p le te  d e s ig n s , th e  a n a ly s is  d i f f e r s  from  
th a t  o f  th e  c o rre s p o n d in g  com p le te  d e s ig n s . The p ro p e r ana lyses  
f o r  the se  th re e  ty p e s  o f  in c o m p le te  d es ign s  w i l l  now be d is c u s s e d .
A. Balanced In c o m p le te  Randomized B lo c k
An in c o m p le te  b lo c k  d e s ig n  is  one in  w h ich  th e re  a re  more 
tre a tm e n ts  tha n  can be p u t in  a s in g le  b lo c k .  A ba lanced  incom­
p le te  b lo c k  d e s ig n  i s  an in c o m p le te  b lo c k  d e s ig n  in  w h ich  eve ry  
p a i r  o f  tre a tm e n ts  occu rs  th e  same number o f  t im e s  in  th e  e x p e r i­
m ent. The number o f  b lo c k s  n ecessa ry  f o r  b a la n c in g  w i l l  depend upon
th e  number o f  tre a tm e n ts  t h a t  can be ru n  in  a s in g le  b lo c k .  The 
fo l lo w in g  exam ple i l l u s t r a t e s  th e  method o f  a n a ly s is  f o r  a b a lan ce d  
in c o m p le te  b lo c k  d e s ig n .
Example D ata  on sc re e n  c o lo r  d i f fe r e n c e  on a t e le v is io n  tube  
measured in  degrees K a re  to  be compared f o r  fo u r  o p e ra to rs .  On 
a g iv e n  day o n ly  th re e  o p e ra to rs  can be used in  th e  e x p e rim e n t.
A ba lan ce d  in c o m p le te  b lo c k  d e s ig n  gave r e s u l t s  as fo l lo w s :
O p e ra to r
































C a rry  o u t a com p le te  a n a ly s is  o f  the se  d a ta  and d is c u s s  th e  r e s u l t s  
w i th  re g a rd  to  d if fe re n c e s  between o p e ra to rs .
In  t h i s  d e s ig n , o n ly  tre a tm e n ts  A , B , and C a re  ru n  on th e  
f i r s t  day (M onday); A , C, and D on th e  Tuesday; B, C, and D on 
Wednesday; and A, B , and D on Thursday. Note th a t  each p a i r  o f  
t re a tm e n ts , such as AC, o ccu rs  tw ic e  in  th e  e x p e rim e n t. As in  
th e  case o f  random ized com p le te  b lo c k  d e s ig n s , th e  o rd e r in  w h ich  
th e  th re e  tre a tm e n ts  (o p e ra to rs )  a re  ru n  on a g iv e n  day is  c o m p le te ly  
random ized.
The n o ta t io n  used is  e x p la in e d  be low .
b = number o f  b lo c k s  in  th e  e xpe rim en t (4 ) 
t  = number o f  tre a tm e n ts  in  th e  expe rim en t (4 ) 
k  = number o f  tre a tm e n ts  p e r b lo c k  (3 )
r  = number o f  r e p l ic a t io n s  o f  a g iv e n  tre a tm e n t th ro u g h o u t 
th e  e xpe rim en t (3 )




= t r  (12 )
λ = number o f  t im e s  each p a i r  o f  tre a tm e n ts  appears 
to g e th e r  th ro u g h o u t th e  e xp e rim e n t
= r  ( k - l ) / ( t - l )  (λ  = 2 ) .
The s te p s  f o r  a n a ly z in g  a b a lan ce d  in c o m p le te  b lo c k  d e s ig n  a re  
d e l in e a te d  b e lo w .
1 . C a lc u la te  th e  t o t a l  sum o f  squares as u s u a l.
2 . C a lc u la te  th e  b lo c k  sum o f  s q u a re s , ig n o r in g  tre a tm e n ts .
= 8 ,7 5 5 ,3 6 6 .6 6 7  -  8 ,7 2 1 ,0 7 5  
-  34 .291 .667
3 . C a lc u la te  tre a tm e n t e f f e c t s ,  a d ju s t in g  f o r  b lo c k s .
and where n i j  = 1 i f  t re a tm e n t j  appears in  b lo c k  i ,  and n i j  = 0
i f  tre a tm e n t j  does n o t appear in  b lo c k  i .  Note th a t  Σ nij  Ti. i s
m e re ly  th e  sum o f  a l l  b lo c k  t o t a ls  w h ich  c o n ta in  tre a tm e n t j .  Spe­
c i f i c a l l y ,
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Q1 = 3 (2570) -  (2400 + 2810 +  2440) = 60 
Q2 = 3 (2480) -  (2400 +  2580 + 2440) = 20 
Q3 = 3(2600) -  (2400 +  2810 + 2580) = 10 
Q4 = 3(2580) -  (2810 + 2580 +  2440) = -9 0
4 . C a lc u la te  th e  e r r o r  sum o f  squares by s u b t ra c t io n
The ANOVA* r e s u l t s  a re  summarized in  th e  ta b le  b e low .
Source
B lo cks  (Days) 
T rea tm en ts  (A d ju s te d ) 
E r ro r  














1 ,0 0 5 .0 0
F
0.1686
T a b le  17. ANOVA T rea tm en t A n a ly s is  f o r  Balanced In c o m p le te  
Randomized B lo c k
The v a lu e  F = 0 .1686 w ith  3 and 5 degrees o f  freedom  is  n o t 
s ig n i f ic a n t  a t  th e  5% le v e l ,  th e  c r i t i c a l  v a lu e  b e in g  F*= 5 .4 1 . The 
e r r o r  degrees o f  freedom  a re  de te rm ine d  in  th e  u s u a l way -  by s u b tra c ­
t io n  -  r a th e r  than  as th e  p ro d u c t o f  th e  b lo c k  and tre a tm e n t degrees 
o f  freedom . However, t h i s  e r r o r  degrees o f  freedom  can be regarded
*S tanda rd  a b b re v ia t io n  f o r  A n a ly s is  o f  V a ria n ce
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as th e  p ro d u c t o f  tre a tm e n t and b lo c k  degrees o f  freedom  ( 3 x 3 = 9 )  
i f  4 i s  s u b tra c te d  f o r  th e  fo u r  m is s in g  v a lu e s  in  th e  d e s ig n .
In  some in s ta n c e s  i t  may be d e s ira b le  to  t e s t  f o r  b lo c k  e f fe c ts  
as w e l l  as tre a tm e n t e f f e c t s .  In  T a b le  17, th e  mean square  f o r  
b lo c k s  was n o t com puted, s in c e  i t  had n o t been a d ju s te d  f o r  t re a tm e n ts . 
When one has a s y m m e tr ic a l ba lanced  in c o m p le te  random ized b lo c k  d e s ig n , 
where b = t ,  th e  b lo c k  sum o f  squares may be a d ju s te d  in  th e  same 
manner as th e  tre a tm e n t sums o f  squares
S p e c i f ic a l ly ,  f o r  th e  p rob lem  a t  hand:
The r e s u l t s  o f  t h i s  a d ju s tm e n t, to g e th e r  w ith  th e  p re v io u s  r e s u l t s  
f o r  t re a tm e n ts , a re  summarized in  T a b le  18.
Source
B lo cks  (a d ju s te d )  
B locks
T rea tm en ts  (a d ju s te d )
T rea tm en ts
E rro rs
T o ta ls









(3 4 ,2 9 1 .6 6 7 )
508.333










T a b le  18. ANOVA T rea tm en t and B lo c k  A n a ly s is  f o r  Balanced 
In co m p le te  Randomized B lo c k
The term s in  pa ren theses  a re  so d es ig n a te d  m e re ly  to  show how 
th e  e r r o r  te rm  was computed f o r  one a d ju s te d  e f f e c t  and one u n a d ju s te d  
e f f e c t :
o r  e q u iv a le n t ly ,
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I t  bea rs  s ta t in g  th a t  th e  f i n a l  sum o f  squares v a lu e s  used in  
T ab le  18 to  g e t th e  mean square  v a lu e s  do n o t add up to  th e  t o t a l  
sum o f  sq ua re s , as i s  th e  case w ith  any n o n o rth o g o n a l d e s ig n .
B . Youden. Squares
A s p e c ia l case o f  a ba lanced  in c o m p le te  random ized b lo c k  is  a 
L a t in  square  w ith  one column m is s in g . For exam ple, when th e  c o n d it io n s  
f o r  a L a t in  square  o f  o rd e r 4 a re  met excep t f o r  th e  f a c t  o n ly  th re e  
tre a tm e n ts  a re  p o s s ib le  ( e . g . ,  in  one b lo c k  because o n ly  th re e  p o s i­
t io n s  a re  a v a i la b le )  and where th e re  a re  fo u r  b lo c k s  a l to g e th e r ,  the
d e s ig n  i s  an in c o m p le te  L a t in  sq u a re , c a lle d  a Youden squa re . The 
n a tu re  and a n a ly s is  o f  a Youden square  is  i l l u s t r a t e d  in  th e  fo l lo w in g  
exam ple.
Exam ple. In  a re s e a rc h  s tu d y  a t  Purdue U n iv e r s i t y  [7 ] on a m e ta l-  
rem ova l r a t e ,  f i v e  e le c tro d e  shapes were s tu d ie d ,  shapes A, B, C, D, 
and E. The rem ova l was accom plished  by an e le c t r i c  d is c h a rg e  between 
th e  e le c tro d e  and th e  m a te r ia l  b e in g  c u t .  Fo r t h i s  e xpe rim en t fo u r  
h o le s  were c u t i n  f i v e  w o rk  p ie c e s , and th e  o rd e r o f  e le c tro d e s  was 
a rranged  so th a t  o n ly  one e le c tro d e  shape was used in  th e  same 
p o s i t io n  on each o f  th e  f i v e  w o rk p ie c e s . The tim e s  in  hou rs  necessa ry  
to  c u t th e  h o le s  a re  re co rd e d  in  th e  ta b le  b e low . A na lyze  th e  d a ta  
f o r  t h i s  d e s ig n , w h ich  c o n s t i tu te s  a Youden square .
( I t  m ig h t be p o in te d  o u t th a t  i t  w ou ld  be d e s ira b le  to  c u t 
f i v e  h o le s  in  each w o rk p ie c e , th e re b y  a c h ie v in g  a (co m p le te ) L a t in  
squa re . However, i f  th e re  is  o n ly  enough room on each s t r i p  (w o rkp ie ce ) 








A (1 .5 ) 
E (0 .6 ) 
D (0 .9 ) 
C (0 .5) 
B (0 .1 )
I I
B (0 .1 )
A (1 .3 )
E (0 .6 )
D (0 .9 )
C (0 .3 )
I I I
C (0 .5 ) 
B (0 .1 ) 
A (1 . 5) 
E (1 .0 ) 
D (1 . 7)
IV
D (1 . 5) 
C (0 .5 ) 
B (0 .7) 
A (1 . 3) 
E (1 . 2)
T o ta ls
3 .6  
2 .5
3 .7
3 .7  
3 .3
T o ta ls 3 .6 3 .2 4 .8 5 .2 16 .8
The a n a ly s is  o f  a Youden square  is  c o m p le te ly  s im i la r  to  th a t  
o f  an in c o m p le te  random ized b lo c k .  S p e c i f ic a l ly ,  
t  = b = 5 
r  = k  = 4 
λ = 3
T rea tm en t t o t a ls  o f  A , B , C, D, and E a re , r e s p e c t iv e ly ,  5 . 6 ,  1 .0 ,
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1 .8 ,  5 .0 ,  and 3 .4 . Then
P o s i t io n  e f f e c t  may f i r s t  be ig n o re d , s in c e  e ve ry  p o s i t io n  o ccu rs  
once and o n ly  once w ith  each tre a tm e n t,  so th a t  p o s i t io n s  a re  
o rth o g o n a l to  b lo c k s  and tre a tm e n ts . Thus,
For tre a tm e n t sum o f  squares a d ju s te d  f o r  b lo c k s  one o b ta in s
Qa -  4 ( 5 . 6 )  -  ( 3 . 6  +  2 .5  +  3 .7  +  3 .7 )  = 8 .9  A
QB = 4 (1 .0 )  -  ( 3 . 6  +  2 .5  +  3 .7  +  3 . 3 )  = - 9 . 1
QC = 4 (1 .8 )  -  ( 3 . 6  +  2 .5  + 3 .7  +  3 . 3 )  = - 5 . 9
Qd = 4 ( 5 . 0 )  -  ( 3 . 6  +  3 .7  + 3 .7  + 3 . 3 )  = 5 .7
CE  = 4 ( 3 . 4 )  -  ( 2 . 5  +  3 .7  +  3 .7  + 3 . 3 )  = 0 .4
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The r e s u l t s  o f  th e  a n a ly s is  a re  s umma r iz e d  i n  T a b le  19.
S ource d . f . SS MS F
T re a tm e n ts  o r
E le c tro d e s  (a d ju s te d )  
B lo c k s  ( s t r i p s )  
P o s i t io n s  






0 .2 5 8
0 .5 4 4
0 .4 2 13
0 .9 5 6
0 .1 8 1
0 .0 5 3
1 8 .0 3 8
3 .4 1 5
T o ta ls 19 5 .0 4 8
T a b le  19. ANOVA R e s u lts  f o r  Youden Square  Exam ple.
The t re a tm e n t  o r  e le c t r o d e  e f f e c t  i s  h ig h ly  s i g n i f i c a n t ,  s in c e  th e  
c r i t i c a l  v a lu e  F.0 1  ( 4 ,  8 ) = 7 .0 1  f o r  a = 0 .0 1 .  S in c e  F.05 (3 . 8) = 
4 .0 7  f o r  α = 0 .0 5 ,  th e  p o s i t i o n  e f f e c t  i s  n o t  s i g n i f i c a n t  a t  th e  
5% le v e l .  The b lo c k  mean sq u a re  n o t g iv e n  as b lo c k s  m ust be ad­
ju s te d  by  t re a tm e n ts  i f  one i s  to  d e te rm in e  w h e th e r b lo c k  e f f e c t s  
a re  s i g n i f i c a n t .  The p ro c e d u re  i s  i d e n t i c a l  w i t h  t h a t  p r e v io u s ly  
d is c u s s e d  f o r  random ized  b a la n c e d  in c o m p le te  b lo c k  d e s ig n s .
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C. F r a c t io n a l  F a c t o r ia l  D e s ig ns
T here  a re  some s i t u a t io n s  i n  w h ic h  one ca n n o t a f f o r d  ( t im e w is e  
o r  c o s tw is e )  to  t e s t  a l l  p o s s ib le  t re a tm e n t  c o m b in a t io n s ,  even tho u gh  
d is t r ib u t e d  o v e r many b lo c k s .  F o r exam p le , th e  d e s ig n  o f  com p lex  
equ ipm ent (a s ,  f o r  exam p le , th e  "m a in  b a t t l e  ta n k "  a t  one t im e  
p roposed  f o r  use by  th e  NATO c o u n t r ie s )  w o u ld  in v o lv e  a t  le a s t  te n  
b a s ic  f a c to r s  each a t  two le v e ls .  T h is  means th a t  th e re  a re  210 = 1024 
p o s s ib le  d e s ig n s  ( " t r e a tm e n t  c o m b in a t io n s " ) .  H ow ever, i t  i s  n o t 
f e a s ib le  -  n o r  i n  f a c t  n e c e s s a ry  -  to  exam ine each o f  th e s e  p o s s ib le  
d e s ig n s . I n  f a c t ,  i n  t h i s  case i t  was n e c e s s a ry  to  exam ine a t  m ost 
26 = 64 o f  th e  p o s s ib le  1024 d e s ig n s .  These 64 d e s ig n s  c a n n o t, 
how eve r, be a r b i t r a r i l y  chosen . I n  f a c t ,  th e  ke y  to  th e  s o lu t io n  
o f  t h i s  p ro b le m  by e x a m in in g  o n ly  64 o f  th e  d e s ig n s  l i e s  in  th e  
p ro p e r  s e le c t io n  o f  th e s e  64 d e s ig n s  ( " t r e a tm e n t  c o m b in a t io n s " ) .
The b a s is  f o r  th e  v a l i d i t y  o f  f r a c t io n a l  f a c t o r i a l  d e s ig n s  is  
th e  f a c t  th a t  h ig h  o rd e r  in t e r a c t io n s  a re  a lm o s t a lw ays  n e g l ig ib le ;  
i . e . ,  th e y  u s u a l ly  do n o t e x is t .  I f ,  f o r  exam ple , th e  in t e r a c t io n  
ABCD does n o t r e a l l y  e x is t  ( o r  i n  s t a t i s t i c a l  ja rg o n ,  i s  n o t s i g n i f i ­
c a n t)  th e n  ABCD may be con founded  w i th  b lo c k s  and no in fo r m a t io n  is  
lo s t  i f  th e  e x p e rim e n t i s  c a r r ie d  o u t in  b o th  b lo c k s .  As has a lre a d y  
been shown, the se  two b lo c k s  a re :
B lo c k  1 : ( 1 ) ,  a b , a c , bc , ad , b d , c d , abc d
B lo c k  2 : a , b ,  c ,  a b c , d , abd , a cd , b cd
I f ,  how ever, o n ly  th e  tre a tm e n t c o m b in a tio n s  i n  e i t h e r  one o f  these  
b lo c k s  a re  te s te d  and a n a ly z e d , such an a n a ly s is  w ou ld  in v o lv e  o n ly  
h a l f  o f  th e  p o s s ib le  16 tre a tm e n t c o m b in a tio n s . T ha t i s ,  one has 
used o n ly  a f r a c t io n  ( 1/ 2) o f  th e  t o t a l  number o f  p o s s ib le  c o m b in a tio n s .
T h is  d e s ig n  ( i . e . ,  B lo c k  1 o r  B lo c k  2) i s  c a l le d  a f r a c t io n a l  f a c t o r i a l  
d e s ig n  c o n s is t in g  o f  a 1 /2  r e p l ic a te  o f  th e  co m p le te  f a c t o r i a l  d e s ig n .
The q u e s t io n  now a r is e s  as to  w hat c o n c lu s io n s  can be reached 
c o n c e rn in g  th e  fo u r  f a c to r s  A , B , C, D and t h e i r  in t e r a c t io n s .  C le a r ly ,  
one w ou ld  n o t  e xp e c t to  a cco m p lish  th e  same r e s u l t s  fro m  u s in g  j u s t  
one o f  th e  two b lo c k s  and hence j u s t  h a l f  as much d a ta  as i f  th e  
e n t i r e  f a c t o r i a l  e xp e rim e n t were c a r r ie d  o u t .  There  i s  a d i f fe r e n c e .
F o r even i f  o n ly  tho se  tre a tm e n t co m b in a tio n s  in  th e  chosen b lo c k  
w ere s ig n i f i c a n t ,  th e  use o f  th e  second b lo c k  w ou ld  in c re a s e  th e  power 
o f  th e  a n a ly s is  o f  v a r ia n c e  t e s t .  However, th e  in c re a s e d  c o s t o f  th e  
t e s t in g  f o r  th e  a d d i t io n a l  b lo c k  i s  se ldom  i f  e ve r w o rth  th e  c o s t ;  
o th e rw is e ,  one w ou ld  n o t have used a f r a c t io n a l  f a c t o r i a l  d e s ig n  to  
b e g in  w ith .
The m ain d i f fe r e n c e  between th e  confounded com p le te  f a c t o r i a l  
d e s ig n  and th e  f r a c t io n a l  f a c t o r i a l  d e s ig n  i s  th a t  n o t o n ly  i s  th e  
e f f e c t  confounded w ith  b lo c k s  unm easurab le , b u t c e r ta in  o th e r  e f fe c ts  
a re  " a l ia s e d "  w i t h  each o th e r ;  i . e . ,  a re  in s e p a ra b le  fro m  each o th e r .  
U s u a lly  t h i s  causes no p ro b le m , s in c e  o f te n  the se  e f fe c ts  a re  n e g l i ­
g ib le  anyway.
In  o rd e r  n o t to  e n g u lf  th e  re a d e r in  g e n e r a l i t ie s  w h ich  a re
o f te n  ha rd  to  f o l lo w ,  an exam ple w i l l  be g iv e n  in  w h ich  b o th  the
concep ts  and th e  a n a ly s is  a s s o c ia te d  w ith  a f r a c t io n a l  f a c t o r i a l
d e s ig n  w i l l  be i l l u s t r a t e d .  Among o th e r  th in g s ,  Y a te s ' method f o r  th e  
a n a ly s is  o f  a 2N f a c t o r i a l  d e s ig n  must be m o d if ie d .
Example
The fo l lo w in g  fa c to r s  a re  to  be s tu d ie d  in  a h a l f - r e p l i c a t e  o f  
a 26 f a c t o r i a l  e x p e rim e n t, de te rm ine d  by s e le c t in g  one o f  th e  b lo c k s
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o b ta in e d  by co n fo u n d in g  ABCDEF w i th  b lo c k s ,  and des igned  to  e v a lu a te  
s e v e ra l ch em ica ls  as in s e c t ic id e s .
Each e x p e r im e n ta l u n i t  c o n s is ts  o f  10 in s e c ts ,  and th e  average 
l i f e t im e s  ( in  seconds) a f t e r  a p p l ic a t io n  o f  th e  re s p e c t iv e  in s e c t i ­

































































T a b le  20 Data O b ta ined  f o r  T rea tm en t C om b ina tions in  a H a l f -  
R e p lic a te  o f  a 26 F a c to r ia l  D es ign  W ith  D e f in in g  
C o n tra s t ABCDEF.
The e f f e c t  confounded w ith  b lo c k s  i s  c a l le d  a " d e f in in g  c o n t r a s t . "  
A ls o ,  w h ile  e i t h e r  b lo c k  may be chosen, i t  w i l l  s im p l i f y  th e  d is c u s s io n  
i f  one a lw ays chooses th e  b lo c k  c o n ta in in g  th e  tre a tm e n t co m b in a tio n
F a c to r L e v e l 0 Level 1
A BMC 
B M a la th io n  
C T ed ion  
D C h lo rdane  
E L indane  













( 1 ) ,  w h ich  p ro ced u re  w i l l  be fo l lo w e d  whenever f r a c t io n a l  f a c t o r i a l  
a n a ly s is  i s  in v o lv e d  in  t h i s  docum ent.
The f i r s t  s te p  i s  to  d e te rm in e  th e  two b lo c k s  r e s u l t in g  from  
co n fo u n d in g  ABCDEF w ith  b lo c k s ,  and th e n  s e le c t in g  th e  b lo c k  w h ich  
c o n ta in s  ( 1 ) .  U s ing  th e  even-odd r u le  p re v io u s ly  e x p la in e d , one 
o b ta in s  th e  fo l lo w in g  two b lo c k s :
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As s ta te d  b e fo re ,  e i t h e r  b lo c k  may be used as a h a l f  r e p l ic a te ,  
b u t B lo c k  1 w i l l  be chosen s in c e  th e  p o l ic y  w i l l  a lw ays be to  choose 
th a t  b lo c k  w h ich  c o n ta in s  ( 1 ) .  The q u e s tio n  now a r is e s  as to  what 
e f f e c t  are aliased (inseparable) fro m  others. F or a h a l f - r e p l i c a t e ,  
th e  a l ia s e s  o ccu r in  p a i r s ,  w h ich  a re  o b ta in e d  in  t h i s  Example by 
m u l t ip ly in g  each e f f e c t  by ABCDEF and re d u c in g  mod 2. Thus,
A (ABCDEF) = A2BCDEF = BCDEF, 
fro m  w h ich  i t  fo l lo w s  th a t  A is  a lia s e d  w ith  BCDEF.
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T a b le  21. A l ia s  P a irs  f o r  H a lf  R e p lic a te  o f  26 W ith  
D e f in in g  C o n tra s t ABCDEF.
What t h i s  means i s  th a t  when one te s ts  th e  m ain e f f e c t  A in  th e  
a n a ly s is  o f  v a r ia n c e  t e s t ,  he i s  m easuring  e i t h e r  A o r  BCDEF, b u t 
he canno t t e l l  w h ich  one. However, i f  BCDEF is  n e g l ig ib le ,  the n  th e  
m ain e f f e c t  A is  m easurab le  and can be te s te d  f o r  s ig n i f ic a n c e .  From 
T a b le  21, one can see th a t  i f  th e  5 - f a c to r ,  4 - f a c to r ,  and 3 - fa c to r  
in te r a c t io n s  a re  n e g l ig ib le ,  the n  a l l  th e  m ain e f f e c t s  and 2 - fa c to r  
in te r a c t io n s  a re  m e a s u ra b le  and can be te s te d  f o r  s ig n i f ic a n c e ,  as 
w i l l  be shown p re s e n t ly .
B e fo re  one p roceeds f u r t h e r  w ith  t h i s  exam ple, i t  w ou ld  p ro b a b ly  
be h e lp f u l  to  th e  re a d e r to  c o n s id e r th e  a l ia s e s  in  a h a l f  r e p l ic a te
3
o f  a 2 f a c t o r i a l  d e s ig n , th e  s t r u c tu r e  o f  w h ich  is  s im p le r  and 
e a s ie r  to  u n d e rs ta n d . As p re v io u s ly  shown, when ABC is  confounded
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w ith  b lo c k s ,  th e  r e s u l t in g  tw o  b lo c k s  a re  ( 1 ) ,  a b , b c , ac and a , b , 
c ,  a bc . F o r a h a l f  r e p l ic a te  f r a c t io n a l  f a c t o r i a l  a n a ly s is  u s in g  
th e  f i r s t  o f  th e s e  b lo c k s ,  one has a v a i la b le  o n ly  th e  responses 




As has a lre a d y  been s ta te d ,  when two e f f e c t s  a re  a l ia s e d ,  one does 
n o t know w h ic h  e f f e c t  he i s  m e a su rin g . T h is  becomes c le a r  fro m  an 
e x a m in a tio n  o f  T a b le  12. N o te  t h a t  i n  th e  A colum n (u s in g  o n ly  th e  
tre a tm e n t c o m b in a tio n s  ( 1 ) ,  ab , b c , ac ) th e  m ain  e f f e c t  o f  f a c to r  
A i s  m easured as
A = ( - 1 )  +  ab +  ac -  b c .
S im i la r ly ,  fro m  T a b le  12,
BC = (1 ) -  ab -  ac +  b c = -A .
T h a t i s ,  one d o e sn ’ t  know w h e th e r he i s  m ea su ring  A o r  BC, s in c e
th e y  a re  based on th e  same d a ta  and a re  n u m e r ic a l ly  id e n t ic a l .
S im i l a r ly ,
B = -AC 
C = -AB
w h ic h  i s  th e  s ig n i f ic a n c e  o f  th e  a l ia s  p a ir s  l i s t e d  above. A s im i la r  
in t e r p r e t a t io n  a p p lie s  to  th e  a l ia s  p a ir s  in  T a b le  21.
R e tu rn in g  to  th e  in s e c t ic id e  p ro b le m  in v o lv in g  a 25 h a l f  r e p l i ­
c a te  f r a c t io n a l  f a c t o r i a l  d e s ig n , one has th e  in fo r m a t io n  on th e  
tre a tm e n t c o m b in a tio n s  i n  B lo c k  1 shown in  T a b le  20; th e y  a re  l i s t e d  
a g a in  f o r  th e  co nve n ie nce  o f  th e  re a d e r in  colum n 3 o f  T a b le  22. In  
o rd e r  to  c a r r y  o u t a Y a tes  a n a ly s is ,  th e  32 tre a tm e n t co m b in a tio n s  
must be p la c e d  i n  a m o d if ie d  s ta n d a rd  o rd e r ,  w h ich  i s  c o n s tru c te d
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i n  th e  fo l lo w in g  m anner: P la ce  th e  com p le te  25 f a c t o r i a l  d e s ig n  
c o rre s p o n d in g  to  th e  f i v e  fa c to r s  A, B, C, D, E in  s ta n d a rd  fo rm , as 
shown in  th e  f i r s t  column o f  T a b le  22. Then append th e  s ix t h  f a c to r  
F by m u l t ip ly in g  each tre a tm e n t co m b in a tio n  in  colum n 1 by f ,  and 
p la c e  th e  tre a tm e n t c o m b in a tio n s  so g en e ra te d  i n  Column 2 o f  T a b le  
22. To d e te rm in e  th e  d e s ire d  m o d if ie d  s ta n d a rd  o rd e r  in  w h ich  th e  
32 tre a tm e n t co m b in a tio n s  must be p la c e d , one p la c e s  them in  th e  
o rd e r  d e te rm ine d  by colum ns 1 and 2 o f  T a b le  22. Thus, one and o n ly  
one o f  th e  e n t r ie s  in  Row 1 o f  Columns 1 and 2 o f  T a b le  22 must be 
found  i n  B lo c k  1 ; i t  i s  ( 1 ) .  Hence, (1 ) i s  th e  f i r s t  tre a tm e n t 
co m b in a tio n  in  th e  m o d if ie d  s ta n d a rd  o rd e r ,  l i s t e d  in  Column 4 o f  
T a b le  22 S im i la r ly  a f  (and n o t a) i s  c o n ta in e d  in  th e  h a l f - r e p l i c a t e  
and i s  found  in  Row 2 o f  T a b le  22; i t  th e n  becomes th e  second t r e a t ­
ment co m b in a tio n  in  th e  m o d if ie d  s ta n d a rd  o rd e r .  A g a in , b f  -  found  
in  Row 3 o f  T a b le  22 and a ls o  in  th e  h a l f - r e p l i c a t e  -  becomes th e  
t h i r d  ite m  in  th e  m o d if ie d  s ta n d a rd  fo rm . C o n tin u in g  in  t h i s  fa s h io n ,  
one o b ta in s  th e  m o d if ie d  s ta n d a rd  o rd e r  shown in  Column 4 o f  T a b le  
22 f o r  a h a l f  r e p l ic a te  o f  a 26 f a c t o r i a l  d e s ig n  f o r  w h ich  th e  
d e f in in g  c o n t ra s t  i s  ABCDEF.
F in a l l y ,  Column 5 shows what e f f e c t  i s  a c tu a l ly  b e in g  measured 
and te s te d  f o r  s ig n i f ic a n c e  in  th e  a n a ly s is  o f  v a r ia n c e . As in  th e  
Y ates a n a ly s is  o f  a com p le te  f a c t o r i a l  d e s ig n -  I  i s  th e  grand  t o t a l  
f o r  th e  32 ite m s , nam ely , 4920. (T h is  c o n s t i tu te s  a good check a t  
t h i s  p o in t  in  th e  c o n s t ru c t io n  o f  th e  Y a tes  T a b le .)  The n e x t ite m  
is  la b e le d  a f ,  b u t i t  a c tu a l ly  measures th e  t o t a l  response  f o r  th e  
m ain e f f e c t  A. S im i la r ly ,  b f  i s  used to  t e s t  th e  s ig n i f ic a n c e  o f  the  
m ain e f f e c t  B. The tre a tm e n t c o m b in a tio n  th a t  one is  t e s t in g  in
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Column 1 Column 2 Column 3 
H a lf  R e p lic a te
Column 4 
H a l f  R e p lic a te  
in  M o d if ie d  
S ta n d a rd  Form
Column 5 
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ABDE = CF 
CDE
ACDE -  BF 
BCDE = AF 
ABCDE = F
T a b le  22. D e te rm in a t io n  o f  M o d if ie d  S ta n d a rd  O rd e r F o r th e  Exam ple
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th e  j t h  row o f  th e  m o d if ie d  s ta n d a rd  o rd e r  i s  th e  tre a tm e n t com bina­
t io n  in  Column 1 and Row j  o f  T a b le  22, w h e th e r o r  n o t t h i s  
tre a tm e n t c o m b in a tio n  o ccu rs  in  Column 4 . U s ing  t h is  c r i t e r i o n ,  one 
id e n t i f i e s  th e  e f f e c t s  th a t  a re  b e in g  te s te d  by th e  e n t r ie s  
in  Column 4 o f  T ab le  22. Note th a t  ABCD is  a lia s e d  w ith  EF; ABCE 
w ith  DF; ABDE w ith  CF; ACDE w ith  BF; BCDE w ith  AF; and 
ABCDE w ith  F.
T ab le  23 c o n s is ts  o f  a re g u la r  Y a tes  a n a ly s is  when th e  tre a tm e n t 
c o m b in a tio n s  a re  p la c e d  in  th e  m o d if ie d  s ta n d a rd  o rd e r  in  the  
"T re a tm e n t C o m b in a tio n " column and th e  c o rre s p o n d in g  n u m e r ic a l responses 
a re  g iv e n  in  th e  n e x t co lum n. The e r r o r  v a r ia n c e  (M .S .E .) used in  th e  
d e m o n s tra to r o f  each F t e s t  c o n s is ts  o f  th e  th r e e - fa c to r  in te r a c t io n s  
d e s ig n a te d  as " E r r o r "  in  T a b le  23, nam ely , ABC, ABD, ACD, BCD, ABE,
ACE, BCE, ADE, BDE, and CDE, inasm uch as th e y  a re  assumed to  be 
n e g l ig ib le .  Each o f  the se  t h r e e - fa c to r  in te r a c t io n s  has one degree o f  
freedom , so th a t
M .S .E . = (50 +  465.125 +  0 .125  +  15.125 +  128 +  60 .5  + 18 + 153.125
+ 253.125+ 91 .125 ) /  10 = 123.4  25
and has te n  degrees o f  freedom . The F v a lu e  f o r  each e f f e c t  is  then  
o b ta in e d  by d iv id in g  th e  mean square  f o r  th a t  e f f e c t  by 123 .425 , w h ich  
r e s u l t  appears in  th e  F column o f  T ab le  23. The c r i t i c a l  v a lu e s  o f  
F f o r  1 and 10 degrees o f  freedom  a re , r e s p e c t iv e ly ,
F* .05( 1 ,1 0 ) = 4 .96  and F *.01(1, 10) = 1 0 .0 0 . I t  i s  seen fro m  T ab le  23 
th a t  th e  m ain e f f e c t s  A, B, and D (marked w ith  * * )  a re  s ig n i f i c a n t  
a t  th e  1% le v e l ,  w h ile  th e  m ain e f f e c t  F and th e  in t e r a c t io n  AB 
(marked w ith  * )  a re  s ig n i f i c a n t  a t  th e  5% le v e l .
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T rea tm en t
C om b ina tion
T o ta l
Response (1 ) (2 ) (3 ) (4 ) (5 )
SS=
( 5 ) 2/32
MS=
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T a b le  23 Y ates A n a ly s is  o f  H a lf  R e p lic a te  o f  26 F r a c t io n a l F a c to r ia l  
D es ign  f o r  th e  Exam ple.
IX . CORRELATION AND REGRESSION
A. S im p le  L in e a r  C o r re la t io n  and R eg ress ion
I t  i s  n o t uncommon f o r  a s i t u a t io n  to  a r is e  in  w h ich  one needs 
to  know i f  th e re  i s  any r e la t io n s h ip  between a p a i r  o f  v a r ia b le s  
w ith  w h ich  he is  concerned . C u r r e n t ly ,  f o r  exam ple , th e re  i s  th e  
im p o r ta n t q u e s tio n  o f  w h e th e r th e re  i s  any r e la t io n s h ip  between 
sm oking and ca n ce r. A g a in , in  a le s s  s e r io u s  v e in ,  one m ig h t ask 
i f  th e re  is  a r e la t io n s h ip  between m us ic  a p p re c ia t io n  and s c i e n t i f i c  
a p t i tu d e ,  between ra d io  re c e p t io n  and sunspo t a c t i v i t y ,  between 
b e a u ty  and b ra in s .
In  th e  case o f  s im p le  c o r r e la t io n ,  th e  p rob lem  c o n s is ts  b a s ic a l ly  
o f  d e te rm in in g  to  w hat e x te n t two v a r ia b le s  x  and y  a re  r e la te d .  The 
d e te rm in a t io n  o f  th e  answer to  t h i s  q u e s tio n  c e n te rs  around th e  
a n a ly s is  o f  a s e t o f  n p a ir s  o f  measurements (x 1 , y1 ) ,  (x 2 ,  y2)  , · · ·  
(x n , yn ) .  U s u a lly  o n e 's  f i r s t  a tte m p t to  d is c o v e r  th e  app ro x im a te  
fo rm  o f  th e  r e la t io n s h ip  c o n s is ts  o f  g ra p h in g  th e  d a ta  as n p o in ts  
in  th e  x ,  y  p la n e , th e  g raph  b e in g  re fe r re d  to  as a s c a t te r  d iag ram . 
From th e  s c a t te r  d iag ram  one can u s u a lly  d e te rm in e  th e  n a tu re  o f  th e  
r e la t io n s h ip ,  i . e . ,  w he the r i t  i s  l in e a r ,  q u a d ra t ic ,  e x p o n e n t ia l,  e tc .  
Once th e  n a tu re  o f  th e  r e la t io n s h ip  i s  d e te rm in e d , th e re  is  s t i l l  
th e  p rob lem  o f  d e te rm in in g  th e  b e s t - f i t t i n g  fu n c t io n  (c u rv e ) o f  the  
re le v a n t  ty p e , w h ich  is  used to  express m a th e m a tic a lly  the  fu n c t io n a l 
r e la t io n s h ip  between th e  two v a r ia b le s .  T h is  fu n c t io n  i s  c a l le d  th e  
re g re s s io n  fu n c t io n ,  and is  used to  e s tim a te  o r  p r e d ic t  th e  v a lu e  o f  
a dependent v a r ia b le  y from  a know ledge o f  th e  re la te d  independent 
v a r ia b le  x .  T h is  b e s t - f i t t i n g  fu n c t io n  is  o b ta in e d  by th e  method o f 
le a s t  squares [ 9] . An in d ic a t io n  o f  how good one can expec t the
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e s tim a te  o r  p r e d ic t io n  to  be i s  g iv e n  by th e  c o r r e la t io n  c o e f f ic ie n t  
( u s u a l ly  c a l le d  th e  c o r r e la t io n  r a t i o  f o r  n o n - l in e a r  c o r r e la t io n ) · 
The s u b je c t  i s  perhaps b e s t in tro d u c e d  by th e  fo l lo w in g  Exam ple. 
Exam ple. On th e  b a s is  o f  th e  d a ta  b e lo w , c a lc u la te  th e  c o r r e la t io n  
c o e f f i c ie n t  r e la t i v e  to  th e  c o r r e la t io n  between ca rbon  c o n te n t and 
p e r m e a b il i ty  f o r  s in t e r  m ix tu re s .  A ls o  d e te rm in e  th e  re g re s s io n  
fu n c t io n  f o r  e s t im a t in g  th e  p e r m e a b il i ty  in d e x  (y )  fro m  a know ledge 
o f  ca rbon  c o n te n t ( x ) .
Carbon 
C on ten t (%)
P e rm e a b il i ty
In d e x
Carbon 
C on ten t (%)




4 .9  
4 .4
4 .7
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T a b le  24. Data f o r  A n a ly z in g  C o r r e la t io n  Between Carbon 
C on ten t and P e rm e a b il i ty  o f  S in te r  M ix tu re s .
As i s  seen fro m  a graph o f  these  d a ta  p o in ts ,  th e re  is  a 
g e n e ra l tendency f o r  s m a ll v a lu e s  o f  x  to  be a s s o c ia te d  w ith  s m a ll 
v a lu e s  o f  y ,  and f o r  la rg e  v a lu e s  o f  x  to  be a s s o c ia te d  w ith  la rg e  
v a lu e s  o f  y . A ls o ,  th e  tre n d  o f  th e  d a ta  appears to  be l in e a r ,  
a lth o u g h  th e  w id th  o f  th e  l in e a r  band is  a p p re c ia b le . T h is  suggests  
th a t  th e  tre n d  i s  l in e a r  -  i . e . ,  th e  a p p ro p r ia te  e s t im a tin g  fu n c t io n  
is  a l in e a r  fu n c t io n  -  b u t th a t  th e  c o r r e la t io n  is  n o t too  pronounced.
C on s ide r f i r s t  th e  l in e a r  c o r r e la t io n  c o e f f i c ie n t ,  d e fin e d  as
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GRAPH OF DATA POINTS FOR THE EXAMPLE PROBLEM
I t  s h o u ld  be p o in te d  o u t t h a t  r  i s  in d e p e n d e n t o f  th e  u n i t s  and th e  
o r i g in  o f  th e  v a r ia b le s  x  and y .  T h is  i s  a p a r t i c u la r l y  c o n v e n ie n t 
c h a r a c t e r is t i c  o f  r ,  s in c e  when la r g e  v a lu e s  o f  x  and y  a re  i n ­
v o lv e d ,  th e  c o m p u ta tio n  can be c o n s id e ra b ly  s im p l i f i e d  by  ch an g in g  
th e  u n i t s  and th e  o r i g in  o f  th e  v a r ia b le s  in v o lv e d .  A ls o ,  th e  
re g re s s io n  l i n e  a lw a ys  passes th ro u g h  th e  p o in t  ( x ,  y ) . The sym­
b o ls  sx  and sy  d e n o te  th e  s ta n d a rd  d e v ia t io n  o f  x  and o f  y ,  re s p e c ­
t i v e l y .  A c t u a l ly ,  to  o b ta in  a v a lu e  o f  r  w h ic h  i s  an unb ia se d  
e s t im a te  o f  th e  p o p u la t io n  c o r r e la t io n  r ,  one s h o u ld  c a lc u la te  
and sy fro m  th e  fo rm u la s
The v a lu e  o f  r  w i l l  a lw a ys  be be tw een -1  and 1.
I t  i s  p a r t i c u l a r l y  c o n v e n ie n t fro m  an in t e r p r e t a t i o n  s ta n d p o in t  
to  s h i f t  th e  o r i g in  to  th e  p o in t  ( x ,  y ) . Then , among o th e r  t h in g s ,  
one n o te s  t h a t  when th e  p o in ts  o f  th e  s c a t t e r  d ia g ra m  a re  concen­
t r a te d  i n  th e  f i r s t  and t h i r d  q u a d ra n ts , th e  s lo p e  o f  th e  re g re s s io n  
l i n e  w i l l  be  p o s i t i v e .  I f ,  on th e  o th e r  hand , th e  p o in ts  a re  con­
c e n t ra te d  i n  th e  second and f o u r t h  q u a d ra n ts , th e  s lo p e  o f  th e  r e ­
g re s s io n  l i n e  i s  n e g a t iv e .
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The fo rm u la  f o r  th e  c o r r e la t io n  c o e f f ic ie n t  i s  a ls o  e x p re s s ib le  
in  a n o th e r fo rm  more c o n v e n ie n t f o r  c o m p u ta tio n ; nam ely ,
where
The re q u ire d  sums as o b ta in e d  fro m  th e  d a ta  in  T a b le  24 a re
Then
S = 20 (43 9 .1 4 ) -  ( 9 3 .0 ) 2 = 133.8
Syy  = 20 (74 5 2 .0 ) -  (3 6 0 )2 = 19440
S = 2 0 (1625 .4 ) = (9 3 .0 )  (360) = -972 xy
and
The n e g a tiv e  v a lu e  o f  th e  c o r r e la t io n  c o e f f ic ie n t  in d ic a te s  th a t  y 
v a r ie s  in v e rs e ly  w ith  x ;  i . e . ,  as th e  ca rbon  c o n te n t in c re a s e s , th e
permeability decreases.
The question now arises as to whether this value of r (”0.603) 
is significantly different from zero, or whether this value arose 
strictly by chance. To answer this question, one utilizes the 
fact that
i s  a p p ro x im a te ly  d is t r ib u te d  as a s ta n d a rd iz e d  n o rm a l v a r ia b le  w i t h  
mean z e ro  and s ta n d a rd  d e v ia t io n  o ne , when th e  p o p u la t io n  c o r r e la ­
t i o n  c o e f f i c ie n t  p i s  z e ro .  S p e c i f i c a l l y ,  in  th e  p ro b le m  a t  hand ,
S in c e  Z > 1 .9 6 ,  one c o n c lu d e s  t h a t  th e  t r u e  (p o p u la t io n )  c o r r e la t io n  
betw een ca rb o n  c o n te n t and p e r m e a b i l i t y  i n  s in t e r  m ix tu re s  i s  
d i f f e r e n t  fro m  z e ro .
S in c e  th e  t r u e  c o r r e la t io n  betw een ca rb o n  c o n te n t and p e r m e a b i l i t y  
i s  d i f f e r e n t  fro m  z e ro ,  one s h o u ld  be a b le  to  p r e d ic t  p e r m e a b i l i t y  (y )  
fro m  a know ledge  o f  ca rb o n  c o n te n t (x )  f o r  a g iv e n  s in t e r  m ix tu re .
The l i n e a r  p r e d ic t in g  o r  e s t im a t in g  fu n c t io n  i s  th e  e q u a tio n  o f  th e  
b e s t - f i t t i n g  l i n e  to  th e  s c a t t e r  d ia g ra m  o f  d a ta  p o in ts .  I t  can be 
shown, by u s in g  th e  method o f  le a s t  s q u a re s , t h a t  th e  b e s t - f i t t i n g  
s t r a ig h t  l i n e  ( re g re s s io n  l i n e )  has th e  e q u a tio n
y  = a +  b x
where
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In  t h i s  p a r t i c u la r  p ro b le m , th e  re g re s s io n  l i n e  i s
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y  = 51.7803 -  7 .2646 x .
In  p r e d ic l tn g  o r  e s t im a t in g  y f o r  a g iv e n  v a lu e  o f  x ,  one does 
n o t expec t to  p r e d ic t  an in d iv id u a l  v a lu e  o f  y ,  b u t r a th e r  th e  
average v a lu e  o f  y  c o rre s p o n d in g  to  a g iv e n  v a lu e  o f  x .  Thus, 
i f  one w ishes  to  p r e d ic t  th e  w e ig h t (y )  when an in d iv id u a l 's  h e ig h t  
(x )  i s  known, one does n o t r e a l l y  hope to  p r e d ic t  th e  w e ig h t y  o f  a 
s p e c i f ic  in d iv id u a l  whose h e ig h t  i s  x ,  b u t r a th e r  th e  average  w e ig h t 
y  o f  a l l  in d iv id u a ls  h a v in g  th e  same h e ig h t  x .
The q u e s tio n  n a t u r a l ly  a r is e s  as to  w he the r one can d e te rm in e  
a c o n fid e n c e  in t e r v a l  f o r  a p a r t i c u la r  e s tim a te  o r  p r e d ic t io n  y . 
A c tu a l ly ,  such a c o n fid e n c e  in t e r v a l  can be c o n s tru c te d  i f  one 
assumes th a t  th e  v a r ia b le s  x  and y have a b iv a r ia te  norm a l d i s t r i ­
b u t io n :
Up to  t h is  p o in t ,  a l l  th a t  has been s a id  abou t c o r r e la t io n  and re g re s s io n  
is  v a l id  re g a rd le s s  o f  what fo rm  th e  j o i n t  d i s t r ib u t io n  f  ( x ,  y ) ta k e s . 
However, in  o rd e r to  c o n s tru c t  a c o n fid e n c e  in t e r v a l  f o r  an e s tim a te d  
v a lu e  y ,  one must assume th a t  f  ( x ,  y ) has th e  b iv a r ia te  norm a l d i s t r i ­
b u t io n .  Under t h i s  assum p tio n , i f  y  = a + b xO i s  th e  p re d ic te d  v a lu e  
o f  y  f o r  a g iv e n  v a lu e  xo, then  th e  100 (1 -  α )% c o n fid e n c e  in t e r v a l  
f o r  th e  t r u e  v a lu e  o f  v  i s  g iv e n  by
where t α/2 is th e  t - v a r ia b le  w ith  n -2  degrees o f  freedom  and co rre s p o n d in g  
to  a c o n fid e n c e  le v e l  α , and where
*  p denotes th e  t ru e  b u t unknown p o p u la t io n  c o r r e la t io n  c o e f f ic ie n t .
F o r exam ple , i f  one w ished  to  o b ta in  a 95% c o n fid e n c e  in t e r v a l  f o r  
th e  t r u e  p e r m e a b i l i ty  o f  a s in t e r  m ix tu re  h a v in g  a ca rbon  c o n te n t 
o f  4%, th e  p re d ic te d  v a lu e  i s
and th e  95% c o n fid e n c e  in t e r v a l  i s
S ince
one o b ta in s  th e  in t e r v a l
The a fo re m e n tio n e d  d e f i n i t i o n  o f  th e  c o r r e la t io n  c o e f f ic ie n t  
r  i s  o n ly  v a l id  when th e re  is  a l in e a r  r e la t io n s h ip  between x  and y . 
I t  i s  e q u iv a le n t  ( i n  th e  case o f  a l in e a r  r e la t io n s h ip  between x  and 
y )  to  a more g e n e ra l d e f i n i t i o n  w h ich  i s  v a l id  re g a rd le s s  o f  th e  
fu n c t io n a l  r e la t io n s h ip  between x  and y -  w he th e r t h i s  r e la t io n s h ip  
be l in e a r ,  q u a d ra t ic ,  e x p o n e n t ia l,  o r  w h a te v e r. T h is  d e f in i t i o n  
expresses th e  c o r r e la t io n  c o e f f i c ie n t  in  te rm s o f  th e  re d u c t io n  in  
th e  o r ig in a l  v a r ia n c e  o f  y  a ch ieved  by u s in g  th e  re g re s s io n  fu n c t io n .  




where i s  th e  v a r ia n c e  about th e  re g re s s io n  fu n c t io n  (o r  c u rv e ) :
T h is  d e f in i t io n  o f  p , i t  shou ld  be em phasized, i s  v a l id  re g a rd le s s  
o f  what typ e  o f  re g re s s io n  fu n c t io n  o r cu rve  i s  in v o lv e d . To d i f ­
fe r e n t ia te  between r  and R , th e  te rm  " c o r r e la t io n  r a t i o "  is  o f te n  
used when r e fe r r in g  to  R.
In  th e  above exam ple, i f  one c a lc u la te s  , he o b ta in s
The d e f in i t io n  o f  R  does n o t ,  however, in d ic a te  w he ther th e  s ig n  is  
p o s i t iv e  o r  n e g a tiv e . T h is  in fo rm a t io n  must be o b ta in e d  from  the  
s c a t te r  d iag ram , fro m  w h ich  i t  i s  seen w he ther y  v a r ie s  d i r e c t l y  
w ith  x ( in  w h ich  case th e  s ig n  o f  R is  p o s i t iv e )  o r  w he the r y 
v a r ie s  in v e rs e ly  w ith  x ,  in  w h ich  case th e  s ig n  o f  R is  n e g a tiv e .
B. Spearman's Rank C o r re la t io n  C o e f f ic ie n t  
I t  i s  sometimes necessa ry  to  d e te rm ine  th e  c o r r e la t io n  o r 
degree o f  a s s o c ia t io n  between two n o n q u a n t i ta t iv e  v a r ia b le s .  Thus,
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one may w is h  to  d e te rm in e  w h e th e r th e re  i s  a c o r r e la t io n  between 
th e  degree  o f  fo o d  c o lo r in g  used on a foo d  and th e  consum er's  r a t in g  
o f  th e  ta s te  o f  th e  fo o d , o r  w h e th e r th e re  i s  a c o r r e la t io n  between 
a sa le sm an 's  m e r i t  ra n k  by h is  em ployer and h is  number o f  ye a rs  o f  
s e rv ic e .  One way to  measure th e  c o r r e la t io n  between such v a r ia b le s  
i s  by u s in g  Spearm an's ra n k  c o r r e la t io n  c o e f f i c ie n t ,  w h ich  is  
based on th e  d i f fe r e n c e  d in  th e  two ranks  f o r  each in d iv id u a l  o r  
ite m . I f  s e v e ra l ite m s  a re  t ie d  f o r  ra n k , each ite m  is  g iv e n  th e  
average  ra n k . The fo rm u la  f o r  com puting  t h i s  c o r r e la t io n  c o e f f ic ie n t  
i s
The d e r iv a t io n  o f  t h i s  fo rm u la  can be found in  most te x tb o o k s  in  
b a s ic  s t a t i s t i c s ,  and w i l l  n o t be p re se n te d  h e re . An example w i l l  
i l l u s t r a t e  i t s  a p p l ic a t io n .
Exam ple. Tw elve  salesm en a re  ranked  in  o rd e r  o f  m e r it  f o r  e f f ic ie n c y  
by t h e i r  manager. They a re  a ls o  ranked in  accordance  w ith  t h e i r  
le n g th  o f  s e rv ic e .  Would you co nc lud e  th a t  th e re  is  a c o r r e la t io n  
between le n g th  o f  s e rv ic e  and e f f ic ie n c y ?
Rank A c c o rd in g  Rank A c c o rd in g
Y ears o f  to  S e rv ic e to  E f f ic ie n c y











































































The v a lu e  o f  r  as computed fro m  th e  above fo rm u la  is
I t  can be shown [8 ]  t h a t  f o r  N > 10 , Spearm an's ra n k  c o r r e la t io n  
c o e f f ic ie n t  r  i s  a p p ro x im a te ly  n o rm a lly  d is t r ib u te d  w ith  mean ze ro  
and s ta n d a rd  d e v ia t io n  σ = N (N -1) (2N+5)] 1/2 . Thus, 2 = r/o 
i s  a p p ro x im a te ly  a s ta n d a rd iz e d  norm a l v a r ia b le .  In  th e  p rob lem  
a t  hand, σ = 1 4 .5 8  and
S ince  Z > Z .01 = 2 .5 7 6 , one conc ludes  th a t  r  i s  s ig n i f i c a n t l y  
d i f f e r e n t  fro m  ze ro  a t  th e  α = 0 .0 1  le v e l  o f  s ig n i f ic a n c e .
C. M u lt i p l e  L in e a r  C o r re la t io n  and R eg ress ion
I t  c o u ld  w e l l  be th a t  th e  method o f  l in e a r  re g re s s io n  f o r  
e s t im a tin g  y from  x ,  d iscu sse d  i n  th e  p re v io u s  s e c t io n ,  y ie ld s  
poor r e s u l t s  n o t because th e  r e la t io n s h ip  i s  f a r  removed fro m  th e  
l in e a r  one assumed, b u t because th e re  i s  no s in g le  v a r ia b le  re ­
la te d  c lo s e ly  enough to  th e  v a r ia b le  b e in g  e s tim a te d  to  y ie ld  
good r e s u l t s .  However, i t  may be th a t  th e re  a re  s e v e ra l v a r ia b le s  
t h a t ,  when taken  j o i n t l y ,  w i l l  se rve  as a s a t is fa c to r y  b a s is  f o r  
e s t im a tin g  th e  p a r t i c u la r  v a r ia b le  o f  in t e r e s t .  Thus, th e  s t re n g th  
o f  a ce ram ic  c o a t in g  i s  a p p ro x im a te ly  a l in e a r  fu n c t io n  o f  k i l n  
te m p e ra tu re , h u m id ity  and i r o n  c o n te n t ;  the  p r ic e  o f  a p ro d u c t 
can be a p p ro x im a te ly  e s tim a te d  as a l in e a r  fu n c t io n  o f  fa c to r y  
p ro d u c t io n ,  consum ption  le v e l ,  and s to c k s  in  s to ra g e . As in  th e  
case o f  s im p le  l in e a r  re g re s s io n ,  th e  accu racy  o f  th e  e s tim a te  
depends upon th e  m u l t ip le  l in e a r  c o r r e la t io n  c o e f f ic ie n t  R y . x 1 x 2   Geo­
m e t r ic a l ly ,  th e  re g re s s io n  fu n c t io n  re p re s e n ts  th e  b e s t - f i t t i n g
h y p e rp la n e  to  a s e t  o f  p o in ts  i n  a h y p e rs p a c e , and i s  a g a in  
d e te rm in e d  by  th e  m ethod o f  le a s t  s q u a re s . A d is c u s s io n  o f  
m u l t ip le  l i n e a r  re g re s s io n  i s ,  o f  c o u rs e , beyond th e  scope o f  
t h i s  docum ent. H ow ever, an exam ple  w i l l  be g iv e n  to  in d ic a te  
th e  manner i n  w h ic h  m u l t ip le  c o r r e la t io n  and re g re s s io n  i s  u sed .
E xam ple . T w e lve  sam ples o f  c o ld - re d u c e d  s h e e t s t e e l ,  
h a v in g  d i f f e r e n t  co pp e r c o n te n ts  and a n n e a lin g  te m p e ra tu re s , 
a re  measured f o r  h a rdn e ss  w i t h  th e  f o l lo w in g  r e s u l t s .
133
T a b le  25 . D a ta  f o r  M u l t ip le  L in e a r  R e g re s s io n  Example
D e te rm in e  th e  re g re s s io n  fu n c t io n  y  = b O +  where
d e n o te s  co pp e r c o n te n t ,  d e n o te s  a n n e a lin g  te m p e ra tu re , and 
y  d e n o te s  h a rd n e s s .
U s in g  th e  m ethod o f  le a s t  s q u a re s , one can show th a t  th e  
v a lu e s  o f  b O, b 1 , and b 2 w h ic h  y ie ld  th e  d e s ire d  re g re s s io n
H ardness 
(R o c k w e ll 3 0 -T )
(y )
Copper C o n te n t 
(p e r  c e n t)
(X 1)
A n n e a lin g  
T e m p e ra tu re  







6 9 .5  
5 7 .4
5 5 .2




























f u n c t io n  a re  o b ta in e d  b y  s o lv in g  th e  f o l lo w in g  sys tem  o f  th re e  
l i n e a r  e q u a tio n s  i n  b O, b 1 ,
From th e  d a ta  i n  T a b le  2 9 , one o b ta in s
so t h a t  th e  r e s u l t in g  sys tem  o f  e q u a tio n s  i s
S o lv in g  t h i s  sys tem  o f  e q u a tio n s  s im u lta n e o u s ly  f o r  b O, b 1 , and 
b 2 y ie ld s
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The re g re s s io n  e q u a tio n  i s ,  t h e r e fo r e ,
y =  1 62 .2  +  3 2 .5  x1 -  0 .086333  X2  
From t h i s  e q u a t io n ,  one sees t h a t  i f  X2 (a n n e a lin g  te  a tu re )  
i s  h e ld  c o n s ta n t ,  th e  ha rdness  ( y )  in c re a s e s  by 3 2 .5  s f o r  
each p e r c e n t in c re a s e  in  coppe r c o n te n t .  S im i la r ly ,  i n (p e r
c e n t coppe r c o n te n t)  i s  h e ld  c o n s ta n t ,  th e  h a rdness  ( y )  eases
by 0 .0 8 63  u n i t s  f o r  each deg ree  in c re a s e  i n  a n n e a lin g  temp u re .
To g e t some in d ic a t io n  o f  w h e th e r th e  y  e s tim a te s  a re  
re a s o n a b ly  good o r  n o t ,  one needs to  c a lc u la te  th e  m u l t ip le   a r 
c o r r e la t io n  c o e f f i c ie n t  Ryx12 :
where
y i  = o bse rved  v a lu e  o f  y
y i  = e s tim a te d  v a lu e  o f  y  o b ta in e d  fro m  th e  m u l t ip le  
l i n e a r  re g re s s io n  fu n c t io n
The v a lu e s  o f  y i  and y i , i = 1 , 2 , 12 a re  g iv e n  in  T a b le  26.
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T ab le  26. Observed and E s tim a te d  V a lues o f  y  f o r  M u lt ip le  
R eg ress ion  Example
To te s t  t h i s  v a lu e  o f  Ry .X 1X2 to  see i f  i t  i s  s ig n i f i c a n t l y
d i f f e r e n t  fro m  z e ro , one computes th e  F r a t i o
i
Observed V a lue  
y i
E s tim a te d  V a lue


















69 .5  
57 .4
55 .2





























The c r i t i c a l  v a lu e  F*  c o rre s p o n d in g  to  2 and 9 degrees o f
freedom  and th e  α = 0 .0 1  le v e l  o f  s ig n i f ic a n c e  i s  F* = 8 .02
Hence, Ry.x1x2       i s  s ig n i f i c a n t  a t  b e t t e r  th a n  th e  1% le v e l .
The above F r a t i o  i s  a p p ro p r ia te  f o r  t e s t in g  th e  s i g n i f i ­
cance o f  th e  m u l t ip le  l in e a r  c o r r e la t io n  c o e f f i c ie n t  because i t  
i s  th e  r a t i o  o f  tw o in d e p e n d e n t v a r ia n c e s .  The n u m e ra to r o f  th e  
r a t i o  i s  th e  "e x p la in e d  v a r ia n c e "  o r  th e  re d u c t io n  in  th e  
o r i g in a l  v a r ia n c e  a ch ie ve d  by u s in g  th e  re g re s s io n  fu n c t io n  to  
e s t im a te  y .  The d e n o m in a to r i s  th e  o r i g in a l  v a r ia n c e  -  o r  
e q u iv a le n t ly ,  th e  v a r ia n c e  o f  th e  observed  v a lu e s  o f  y  abo u t th e  
e s tim a te d  v a lu e s  when u s in g  th e  e s t im a to r  y  = y  in s te a d  o f  th e  
re g re s s io n  f u n c t io n .  I f  t h i s  re d u c t io n  in  v a r ia n c e  (n u m e ra to r) 
i s  s i g n i f i c a n t l y  g re a te r  th a n  th e  random v a r ia n c e  (d e n o m in a to r ) , 
th e n  th e  re g re s s io n  fu n c t io n  (e s t im a to r )  does a b e t t e r  jo b  o f  
e s t im a t in g  y  th a n  does th e  s im p le  e s t im a t in g  fu n c t io n  y  = y .  T h is  
means th a t  u t i l i z i n g  in fo r m a t io n  o f  and X2 i n  th e  re g re s s io n  
fu n c t io n  y ie ld s  a b e t t e r  e s t im a te  o f  y  th a n  one o b ta in s  when he 
uses th e  e s t im a t in g  fu n c t io n  y = y  w h ic h  does n o t make use o f  th e  
r e le v a n t  in fo r m a t io n  a bo u t X1 and X2 . T h is  in d ic a te s ,  th e r e fo r e ,  
t h a t  th e re  i s  c o r r e la t io n  betw een y  and X1 , X2 in  th e  p a re n t 
p o p u la t io n .
I t  s h o u ld  perhaps be s ta te d  th a t  in  th e  g e n e ra l ca se , th e  
d e n o m in a to r o f  th e  F r a t i o  has N - l-K  degrees o f  freedom , where N 
is  th e  sam ple s iz e  and K is  th e  number o f  c o n s ta n ts  in  th e  m u l t ip le  




F re q u e n tly  one w ishes to  know what p ro p o r t io n  o f  th e  pop u la ­
t io n  from  w h ich  samples a re  drawn l i e s  between two s p e c i f ie d  
l im i t s .  Thus, one w ou ld  sometimes l i k e  to  be a b le  to  a s s e r t  w ith  
a degree o f  c o n fid e n c e  1 -  α th a t  th e  p ro p o r t io n  o f  th e  p o p u la t io n  
c o n ta in e d  between X -  Ks and X +  Ks is  a t  le a s t  P, where X and 
s a re  th e  mean and s ta n d a rd  d e v ia t io n  o f  a random sample drawn 
from  th a t  p o p u la t io n .  In  o th e r  cases , one may w ish  to  d e te rm in e  
w ith  a c o n fid e n c e  1 -  a what p ro p o r t io n  P o f  th e  p o p u la t io n
l i e s  between X1 and Xn , where X1 and Xn deno te  th e  s m a lle s t  
and la r g e s t  ite m s  in  a random sample taken  fro m  t h is  p o p u la t io n .
C ons ide r f i r s t  th e  m a tte r  o f  b ra c k e t in g  th e  p ro p o r t io n  p o f  
th e  p o p u la t io n  c o n ta in e d  between X  + K s , w ith  c o n fid e n c e  1 -  α . 
Tab les [ 1 0 ]  have been c o n s tru c te d  g iv in g  such v a lu e s  o f  K f o r  
P = 0 .9 0 , 0 .9 5 , 0 .9 9 , 1 -  α = 0 .9 5  and 0 .9 9 , and s e le c te d  v a lu e s  
o f  n fro m  2 to  1000. The fo l lo w in g  Example i l l u s t r a t e s  how 
to le ra n c e  l im i t s  can be a p p lie d  to  r e a l  w o r ld  p rob lem s.
Exam ple. In  a s tu d y  des igned  to  d e te rm in e  th e  tim e  re q u ire d  
to  assem ble a g iv e n  p ie c e  o f  m a ch in e ry , 50 w o rke rs  averaged 42.5  
m inu tes  w ith  a s ta n d a rd  d e v ia t io n  o f  3 .8  m in u te s . E s ta b lis h  
to le ra n c e  l im i t s  f o r  w h ich  one can a s s e r t  w ith  a degree o f  con­
f id e n c e  0 .95  th a t  a t  le a s t  90 pe r ce n t o f  th e  w o rke rs  ( in  the  
p o p u la t io n  o f  w o rke rs  from  w h ich  th e  sample was s e le c te d )  can 
assemble th e  p ie ce  o f  m ach ine ry  w i t h in  the se  l im i t s .  Assume 
th a t  assem bly tim e  is  a n o rm a lly  d is t r ib u te d  v a r ia b le .
From th e  a fo re m e n tion e d  T ab le  [ 1 0 ] , one f in d s ,  f o r  n = 50,
1 -  α = 0 .9 5 , P = 0 .9 0 , th a t  k  = 1 .9 9 6 , so th a t
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X -  ks -  34.92 
X +  ks  = 5 0 .0 8 .
T ha t i s ,  one has a c o n fid e n c e  o f  0 .95  th a t  a t  le a s t  90% o f  th e  
w o rke rs  r e q u ir e  between 34 .92  and 50 .08  m in u te s  to  assem ble th e  
d e s ig n a te d  p ie c e  o f  m a ch in e ry .
N o n p a ra m e tric  to le ra n c e  l im i t s  can be o b ta in e d  on th e  b a s is
o f  X1 , and Xn , th e  s m a lle s t  and la r g e s t  o b s e rv a tio n s  in  a sam ple.
W ilk s  [ 11]  has shown th a t  th e  e q u a tio n
r e la te s  th e  q u a n t i t ie s  η ,  P , and α , where P i s  th e  minimum p ro p o r t io n  
o f  th e  p o p u la t io n  c o n ta in e d  between X1 and Xn . An a pp ro x im a te  
s o lu t io n  f o r  n ,  w h ich  i s  u s u a l ly  q u i te  s a t is f a c t o r y ,  i s  g iv e n  by
2
where χ α i s  th e  v a lu e  o f  c h i-s q u a re  f o r  4 degrees o f  freedom  th a t  
co rre sp on d s  to  a r ig h t -h a n d  t a i l  o f  a rea  α .
Exam ple. Suppose th a t  in  th e  p re c e d in g  example th e  p o p u la t io n  
p r o b a b i l i t y  d i s t r ib u t io n  fu n c t io n  was unknown, and th a t  X1 = 36,
Χ50 = 48. F in d  th e  v a lu e  o f  P c o rre s p o n d in g  to  1 -  α = 0 .95 .
2
S o lv in g  th e  above e q u a tio n  f o r  P in  term s o f  n and χ2α , one has
w h ic h , f o r  t h i s  Exam ple, becomes
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T h a t i s ,  based on a sample o f  50 w o rke rs  f o r  w h ich  th e  s h o r te s t  
assem bly tim e  was 36 m in u te s  and th e  lo n g e s t 48 m in u te s , one can 
a s s e r t  w i th  a c o n fid e n c e  o f  0 .9 5  th a t  9 0 .8  p e r ce n t o f  a l l  th e  
in d iv id u a ls  in  th e  p o p u la t io n  fro m  w h ich  t h i s  sample was s e le c te d  
re q u ir e  between 36 and 48 m in u te s  to  assem ble th e  g iv e n  p ie c e  o f  
m a c h in e ry .
The fo rm u la
shows a p p ro x im a te ly  th e  sample s iz e  re q u ire d  to  a s s e r t  w ith
c o n fid e n c e  1 -  α th a t  a t  le a s t  100 P% o f  th e  p o p u la t io n  l i e s
between th e  s m a lle s t  (X1) and la r g e s t  (Xn ) ite m s  in  th e  sam ple ,
where th e  v a lu e s  a and P s p e c i f ie d  in  advance. Thus, i f  one
w ished to  have a c o n fid e n c e  o f  0 .95  th a t  a t  le a s t  90% o f  th e
p o p u la t io n  was c o n ta in e d  between th e  v a lu e s  X1, and Xn , he must
 
use a sample s iz e
i . e . ,  a sample s iz e  n = 46.
X I. SPECIAL SAMPLING TECHNIQUES
The m ethods o f  a n a ly s is  d is c u s s e d  up to  t h i s  p o in t  have been 
based on d a ta  w h ic h  has been o b ta in e d  by s im p le  random s a m p lin g . 
T h a t i s ,  th e  s a m p lin g  i s  c a r r ie d  o u t in  such a way th a t  each ite m  
in  th e  p o p u la t io n  fro m  w h ic h  th e  sam ple was draw n has an e q u a lly  
l i k e l y  chance o f  b e in g  chosen . In  th e  g re a t  m a jo r i t y  o f  s i t u a ­
t io n s  r e q u i r in g  s t a t i s t i c a l  a n a ly s is ,  s im p le  random sa m p lin g  is  
a p p ro p r ia te .  T h is  i s  m ost f o r t u n a te ,  s in c e  most o f  th e  m ethods 
o f  s t a t i s t i c a l  in fe re n c e  a re  n o t a p p l ic a b le  when o th e r  sa m p lin g  
methods a re  used . F o r th e  sake o f  c o m p le t io n , a few  o f  th e s e  
m ethods a re  m en tioned  h e re . A d is c u s s io n  o f  th e s e  m ethods is  
beyond th e  scope o f  t h i s  docum en t, b u t can be found in  s ta n d a rd
te x ts  on s a m p lin g  te c h n iq u e s  [ 1 2 ]
S t r a t i f i e d  Random S am pling
In  s t r a t i f i e d  random s a m p lin g , th e  p o p u la t io n  o f  N ite m s  
i s  d iv id e d  in t o  s u b p o p u la t io n s  o f  N1 , N2 , . . . ,  NL ite m s ,  re s p e c -  
t i v e l y .  These s u b p o p u la t io n s  a re  c a l le d  s t r a t a ;  when th e y  have 
been d e te rm in e d , a sample i s  drawn fro m  each , th e  d ra w in g s  b e in g  
c a r r ie d  o u t in d e p e n d e n t ly  in  th e  d i f f e r e n t  s t r a t a .  The sample 
s iz e s  a re  la b e le d  n1 , n2 , . . ,  nL . I f  a s im p le  random sample
is  drawn fro m  each s t ra tu m , th e  p ro ce d u re  i s  r e fe r r e d  to  as 
s t r a t i f i e d  random s a m p lin g .
S t r a t i f i e d  random sa m p lin g  is  used in  th e  fo l lo w in g  s i t u a ­
t io n s :
1 . When d a ta  o f  known p r e c is io n  a re  w anted f o r  c e r t a in  sub­
d iv is io n s  o f  th e  p o p u la t io n .
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2. When a d m in is t r a t iv e  conven ience  d ic ta te s  th e  use o f  
s t r a t i f i c a t i o n ,  a s , f o r  exam ple, when an agency c o n d u c tin g  
a su rve y  has f i e l d  o f f i c e s ,  each o f  w h ich  can s u p e rv is e  
th e  su rve y  f o r  a p a r t  o f  th e  p o p u la t io n .
3 . When sa m p lin g  p rob lem s d i f f e r  g r e a t ly  in  v a r io u s  p a r ts  
o f  th e  p o p u la t io n .
The fo rm u la s  and r e la t io n s h ip s  in v o lv e d  in  c a r ry in g  o u t th e  
re le v a n t  a na lyse s  a re  c o n s id e ra b ly  d i f f e r e n t  from  those  u t i l i z i n g  
s im p le  random sa m p lin g , and w i l l  n o t be d iscu sse d  h e re .
S ys te m a tic  Random Sam pling
T h is  method o f  sam p ling  is  c o n s id e ra b ly  d i f f e r e n t  fro m  s im p le  
random sa m p lin g . C ons ide r a p o p u la t io n  o f  N u n i ts  w h ich  a re  
numbered 1 to  N in  some o rd e r ,  and suppose one s e le c ts  a sample o f  
n u n i ts  by ta k in g  a u n i t  a t  random fro m  th e  f i r s t  k  u n i ts  and 
eve ry  k th  u n i t  t h e r e a f te r .  Thus, i f  k  i s  20 and th e  f i r s t  u n i t  
drawn i s  th e  number 16, the n  th e  subsequent u n i ts  a re  numbers 
36, 56, 76, and so on. Note th a t  th e  s e le c t io n  o f  th e  f i r s t  u n i t  
d e te rm ine s  th e  w ho le  sam ple. Such a sample i s  c a lle d  an "e v e ry  
k th  s y s te m a tic  sa m p le ."
S ys te m a tic  sam p ling  has a few  advantages o ve r s im p le  random 
sa m p lin g . In  th e  f i r s t  p la c e , i t  is  e a s ie r  to  draw a sample and 
o f te n  e a s ie r  to  c a r ry  o u t w ith o u t  m is ta k e s . A ls o ,  i t  appears to  
be somewhat more p re c is e  tha n  s im p le  random sa m p lin g . A c tu a l ly ,  
i t  s t r a t i f i e s  th e  p o p u la t io n  in t o  n s t r a t a ,  c o n s is t in g  o f  th e  f i r s t  
k  u n i t s ,  th e  second k  u n i t s ,  e t c .  The d if fe r e n c e  i s  th a t  w ith  a 
s y s te m a tic  sam ple, th e  u n i ts  a re  taken  a t  th e  same r e la t i v e  p o s i t io n  
in  th e  s tra tu m , w h ile  w ith  a s t r a t i f i e d  random sam ple, th e  p o s i t io n
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i n  th e  sam ple i s  d e te rm in e d  s e p a ra te ly  by ra n d o m iz a t io n  w i t h in  
each s tra tu m . The f a c t  t h a t  th e  s y s te m a t ic  sam ple i s  sp read  more 
e v e n ly  o v e r th e  p o p u la t io n  may som etim es make s y s te m a tic  sa m p lin g  
somewhat more p re c is e  th a n  s t r a t i f i e d  random s a m p lin g .
I t  s h o u ld  be p o in te d  o u t ,  how eve r, t h a t  th e  p e rfo rm a n ce  o f  
s y s te m a tic  sa m p lin g  i s  g r e a t ly  dependent on th e  p r o p e r t ie s  o f  th e  
p o p u la t io n .  There  a re  some p o p u la t io n s  f o r  w h ich  s y s te m a t ic  sam­
p l in g  i s  more p re c is e  and o th e rs  f o r  w h ic h  i t  i s  le s s  p re c is e  th a n  
s im p le  random s a m p lin g . I n  f a c t ,  as Cochran p o in ts  o u t [1 2 ,  p 214], 
f o r  some p o p u la t io n s  and some v a lu e s  o f  n , th e  v a r ia n c e  o f  th e  mean 
o f  s y s te m a tic  sam ples may even in c re a s e  when a la r g e r  sam ple i s  
ta ke n  -  q u i te  a c o n t ra s t  f o r  th e  good b e h a v io r  o f  th e  mean o f  
s im p le  random sam p les.
As in  th e  case o f  s t r a t i f i e d  random s a m p lin g , th e  fo rm u la s  
and r e la t io n s h ip  in v o lv e d  in  c a r r y in g  o u t th e  re le v a n t  a n a lyse s  
a re  q u i te  d i f f e r e n t  fro m  th o s e  u t i l i z i n g  s im p le  random s a m p lin g , 
and w i l l  n o t be d is c u s s e d  h e re .
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X I I .  COMPUTER PROGRAMS
S ince com puter programs a re  a v a i la b le  f o r  th e  s t a t i s t i c a l  models 
p resen ted  in  t h i s  r e p o r t ,  no d is c u s s io n  was in c lu d e d  re le v a n t  to  com puter 
program s. (One e x c e l le n t  source  is  th e  IBM S c ie n t i f i c  Computer Subrou­
t in e  P ackage.) The one p o s s ib le  e x c e p tio n  i s  W ils o n 's  D is t r ib u t io n  
Free A n a ly s is  o f  V a ria n ce  m ode l, w h ich  to  th e  a u th o r 's  knowledge has 
n o t p re v io u s ly  been programmed. S ince i t  is  a ra th e r  u s e fu l nonpara- 
m e tr ic  m ode l, a com puter program  has been w r i t t e n  ( in  PL-1 language) and 
is  in c lu d e d  in  the  A ppend ix , to g e th e r  w ith  an exam ple. The example is  
s t r i c t l y  i l l u s t r a t i v e ,  and se rves p r im a r i ly  to  in d ic a te  th e  fo rm a t used 
in  p re s e n tin g  th e  d a ta  o u tp u t.  Three fa c to r s ,  one w ith  th re e  le v e ls  
and the  o th e rs  w ith  tw o , a re  a na lyze d . An a s te r is k  a f t e r  th e  D. F. number 
o f  a g iv e n  fa c to r  in d ic a te s  s ig n if ic a n c e  a t  th e  5% le v e l .  F o r exam ple, 
i f  th e re  were an a s te r is k  a f t e r  th e  degree number "2 "  o f  the  f i r s t  
f a c to r ,  i t  would in d ic a te  th a t  f a c to r  1 i s  s ig n i f ic a n t  a t  th e  5% 
le v e l .  (The s ig n if ic a n c e  le v e l  i s  an in p u t  and can be v a r ie d . )  In  f a c t ,  
none o f  th e  fa c to r s  o r  in te r a c t io n s  a re  s ig n i f i c a n t  a t  th e  5% le v e l  in  
t h is  exam ple. (D. F. denotes degrees o f  fre ed o m .)
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PGM PROC O P T I O N S ( M A I N ) ;
STMT LEVE L NEST
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PGM: P ROC OPT I O N S ( M A I N ) ;
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PGM: PROC OPTIONS (MAIN);
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P G M : PPOC OPTIONS (M A IN )  ;
REFERENCES
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I D E N T I F I E RDCL NO.
PGM: PROC O P T I O N S  ( M A I N ) :
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DCL NO. I D E N T I F I E R REFERENCES
PG M : PROC OPTION S (M A IN ) ;
I D E N T I F I E R REFERENCES
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DCL NO.
PGM:  PROC OPTIONS (MAIN):
DCL NO. ID E N T IF IE R REFERENCES
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PGM: PROC OPTIONS(MAIN) ;




EXAMPLE OF THE APPLICATION OF WILSON’ S DISTRIBUTION FREE ANOVA TEST
3 WAY EXPERIENCE 
MEDIAN POINT IS 30
FACTOR 1 FACTOR 2 FACTOR 3 TOTAL # # OF ABOVE # OF BELOW
1 1 1 6 2 4
1 1 2 6 3 3
1 2 1 6 3 3
1 2 2 6 3 3
2 1 1 6 4 2
2 1 2 6 3 3
2 2 1 6 5 1
2 2 2 6 2 4
3 1 1 6 4 2
3 1 2 6 2 a.
3 2 1 6 3 3









C H I - S QUARE D.F.
0 . 7 7 8 2
0 . 0 5 6  1
1 . 3 90 1
0 . 1 1 1 2
2 .1 1 3  2
0 .056  1
1. 4 4 6  2
AN ASTERISK *  AFTER THE D.F. NUMBER INDICATES SIGNIFICANCE AT THE a=0.05 LEVEL.
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